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CGS turns sparse, noisy network observations into understandable,
reliable rules that explain how complex systems really work.
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PUBLIC SUMMARY

®  CGS discovers symbolic laws for network dynamics from sparse noisy data.

= Neural ODE proxies denoise trajectories and separate node and edge effects.
m Coordinated search reduces compensatory overfitting between dynamic components.
|

CGS shows strong synthetic recovery and provides an influenza case study.
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Symbolic regression offers a route to mechanistic understanding of
complex network dynamics, but existing methods often infer node and
edge equations independently, allowing errors in one component to be
compensated by the other. We present Coordinated Genetic Search (CGS),
a framework for discovering governing equations from sparse and noisy
network observations. CGS first trains a graph neural ordinary differential
equation proxy with network inductive bias to disentangle node and edge
effects and reconstruct denoised trajectories. It then co-evolves symbolic
populations for node and edge dynamics, adaptively prioritizing the
component that deviates most from its neural reference. This coordination
is designed to reduce compensatory overfitting and improve identifiability.
Across synthetic epidemic, ecological, neural, and oscillator systems on
multiple graph topologies, CGS provides strong evidence of improved
symbolic recovery and trajectory prediction relative to the tested baselines.
On a real influenza A spreading network, where no ground-truth governing
equation is available, CGS provides a proof-of-concept case study with
physically plausible expressions and a modest reduction in normalized
prediction error.

INTRODUCTION

Complex networks '~ are the fabric of our interconnected world, from the
intricate web of social interactions ® and the pathways of global pandemics *'
to the complex wiring of the human brain . Understanding how these
networks evolve is a central challenge in modern science ''~'?. The ultimate
goal is not just to observe their dynamics, but to distill them into concise,
symbolic formulas '*™, i.e,, the fundamental laws that govern their behavior.
Like elegant physical equations, these symbolic expressions offer a clear
window into the underlying mechanisms of a system, enabling us to predict
its future and understand its core principles *'~*.

A promising approach is neural symbolic regression ,which lever-
ages deep learning models with inductive biases to discover symbolic laws.
In networked systems, recent work has combined neural fitting or pretrained
symbolic regressors with physically motivated decompositions of self
dynamics and interactions, enabling interpretable equation discovery from
high-dimensional observations “**". Such neural symbolic methods are
robust to noise and irregular sampling, making them more suitable for real-
world data than traditional genetic programming '®'" or sparse regression
techniques '“'". However, a critical challenge remains. With this inductive
bias, the dynamics of a node in a complex network are modeled as a
composite of two distinct processes: neural node dynamics (how a node acts
on its own) and neural edge dynamics (how it interacts with its neighbors) *.
Existing methods often search for these components' formulas indepen-
dently **, which can lead to a critical form of overfitting: errors in one
component are compensated for by an inaccurate expression for the other.
This results in models that are neither interpretable nor generalizable.

To address this, we introduce Coordinated Genetic Search (CGS) (Fig. 1), a
novel search algorithm that co-evolves symbolic expressions for both node
and edge dynamics. CGS operates on the principle that these components
should be discovered cooperatively to reduce compensatory overfitting,
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where errors in one component are offset by an overly complex expression
for the other. The algorithm first trains a disentangled neural proxy model to
generate references for each neural dynamics component and to provide
denoised, interpolated trajectories for fitness evaluation. It then maintains
two distinct populations of symbolic expressions—one for node dynamics
and one for edge dynamics—and coordinates their evolution by prioritizing
the population that deviates most from its neural reference. This coordinated
process, guided by neural references and evaluated against the interpolated
trajectories, helps steer the search toward simpler and more faithful symbolic
models. We evaluate CGS on synthetic dynamics and on a real-world disease-
spreading dataset. The synthetic experiments provide strong evidence for
improved formula recovery and prediction accuracy under controlled ground-
truth settings, while the real-data experiment should be interpreted cautiously
as a plausibility case study because real-world systems lack known govern-
ing equations.

Notations Matrix, vector, and scalar are denoted as bold capital letters X,
bold lowercase letters x, and lowercase letters x, respectively. The element in
the i-th row and j-th column of matrix X is denoted as X;. The v-th row of
matrix X is denoted as x,. A complex network is denoted as
G = (G,X(t),t € 7). G= (V,E) denotes a network with node set V and edge
set E. X(t) = [x(t)",---,xy(t)"]"€ R is a d-dimensional node state matrix
of N nodes at timestamp t, and 7 = {t,,t,,---,t_,} is the set of K; observed
timestamps. x(t) represents the time derivatives of x(t).

MATERIALS AND METHODS

This section details our Coordinated Genetic Search (CGS) algorithm and is
organized as follows. Neural proxy model introduces a neural proxy model
that provides reliable references for node and edge dynamics, along with
denoised and interpolated trajectories. Coordination via neural references
explains how these neural references are used to coordinate the search, and
Fitness evaluation and evolution describes the fitness evaluation and evolu-
tion process. Finally, Comparison compares CGS with existing methods.

Neural proxy model
Inductive Bias of Complex Network Dynamics. The complex network
dynamics is defined by the following ordinary differential equation:

Xv(t) = F(Xv(t)) +Zue?v'vaqu (Xv(t)7xu(t)) tl (.l)

In (1), %(t) denotes the time derivative of x,(t), F(x,(t)) denotes the node
dynamics term of node v, which includes processes like influx, degradation,
or reproduction. G(x,(t),x,(t)) is the edge dynamics describing the interac-
tions between node v and node u, accounting for processes such as spread-
ing and competition. G is shared across all edges in the network because of
the universality in network dynamics **. a,, denotes the adjacency entry for
the edge from source node u to target node v, and N, is the set of neighbors
of node v. In the synthetic ER/BA experiments, we use binary adjacency, so
a,, =1 for existing edges and a,, =0 otherwise; the summation over N,
therefore implicitly includes only nonzero adjacency entries. In the influenza
aviation network, edges are directed and weighted. For a directed passenger-
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Figure 1. Overview of Coordinated Genetic Search (CGS). A neural proxy model provides references (F.G) and trajectories (X) to guide the co-evolution of symbolic popula-
tions for node and edge dynamics. The search prioritizes the population deviating most from its reference to find accurate symbolic expressions (F*,G*).

flow edge j — i, where i is the target region and j is the source region, we use
the normalized weighted adjacency A;, obtained by normalizing passenger
volume with population information and total daily passenger volume. This
corresponds to v=1i and u=j in (1), so the influenza edge contribution is
¥,A,G(x(1),x,(t)). Given observations of the node states {X(t)|te T}, the
symbolic regression of complex network dynamics '* aims to find the
symbolic expressions of functions F and G in (1).

Neural Proxy Model with Inductive Bias. We follow the inductive bias
from (1) to design a neural proxy model and train the model based on the
observed trajectory. In the designed neural proxy, a graph neural network
calculates the time derivative of the node state x:(t). An ODESolver then inte-
grates this derivative to generate the full trajectory. Based on DNND * the
time derivative x:(t) for node v is designed as an encoder-decoder free
architecture:

(1) = F(x,(1) + Luon, G (x,(1),x,(1)) 2

where ﬁ(XV(t)):¢n(Xv(t)v t) ’ G (Xv(t)vxu(t)):¢e(XV(t)7XU(t)v t) . (3)

where ¢" and ¢° are two MLPs aligning with the node dynamics and edge
dynamics in (1), respectively. For the weighted influenza network, the neural
proxy uses the normalized weighted adjacency,

(1) =F(x(t) + L,A,6 (x(1),x,(1)).

For binary synthetic graphs, the proxy uses the unweighted neighbor
summation in (2). In (2), the neural node dynamics ¢" captures the evolution
of nodes influenced by their properties, and the neural edge dynamics ¢°
captures the interactions between two end nodes of an edge. Therefore, the
proxy model of node v is written as

fo(G,X(t,),t), = ODESolver(x:(t), X(t,), to, 1). 4)

The alignment between neural dynamics (4) and dynamics formulation (1)
enables better learning of complex network dynamics. To train the neural
dynamics, we minimize the error between f,(G,X(t,),t),,vveV and the
observed trajectories {X(t)|t € T}:

min ¥ [|f,(G,X(t),1), ~x,(0)]]. )
veViteT

The optimization is performed with standard deep learning techniques.
After the training, we use the estimated node dynamics and edge dynamics
as references for the coordinated search and use the interpolated trajectory

X(t) from f,(G,X(t),1),.¥v € V as the signal for fitness evaluation. Let T,
denote the interpolated timestamps used during symbolic search.

Coordination via neural references

Although the neural proxy model provides disentangled estimates for node
dynamics (£) and edge dynamics (&), these components are not perfectly
accurate. During training, errors in one component can be compensated for
by the other, resulting in a model that fits the overall trajectory but misrepre-
sents the individual dynamics. Therefore, using these neural components for
direct supervision in separate searches for symbolic F and G would risk
replicating this overfitting. Instead, CGS uses them as references to coordi-
nate the evolution of two symbolic populations, ensuring a balanced search.

CGS maintains two populations of symbolic expressions: F for node
dynamics and §G for edge dynamics. To prevent one population from overfit-
ting to compensate for inaccuracies in the other, their evolution is coordi-
nated. At each step, CGS measures the deviation of each population from its
respective neural reference. The evaluation points are sampled from the
proxy-interpolated training trajectories:

S ={&(t):veV, teT,}, ©)

8o = {(%.(1),%,

Node distances are therefore evaluated on single-node states, while edge
distances are evaluated on ordered node-neighbor state pairs. For a candi-
date expression, we define

():veV,ueN, teT,}. !

24F) =3 X |F) o) ®
2:6) =75 I 6(z.7) - 6(z,7)|| ©)

The population-level coordination distances are
d@) = jT‘ZreJAF(F)Za d(g) = MZGFJ (G (10)

In the current implementation, both distances are computed on samples
drawn from the same training trajectory distribution and no additional scale
normalization is applied beyond averaging over the sampled node or edge
inputs. We found this practical for the tested systems. A more systematic
normalization across components is an important direction for future work.
The algorithm then prioritizes the evolution of the population with the larger
distance to its reference. For instance, if d(F) > d(§), only the node dynam-
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ics population F is evolved. This strategy encourages a balanced search and
reduces the risk that one component compensates for errors in the other.

Fitness evaluation and evolution

While neural dynamics provide references for coordination, they are not
precise enough for direct fitness calculation. Instead, CGS uses the denoised
and interpolated trajectories from the proxy model as the target signal for
fitness evaluation.

To evolve the selected population, we assess the fitness of each candidate
expression. The fitness error of a symbolic node dynamics FeJ or a
symbolic edge dynamics G € G is calculated by pairing it with expressions
from the other population and measuring the trajectory error against the
interpolated trajectory:

i = x(to) + J;, (F((T)) + Lo, G(x,(7),%,(7))) AT,

o

amn

fit =1 (G, X(to), 1), (12)

€(F.G) =Ly, r, (s, i), (13)

f.(F) = Mean (BestK.,, {£(F,G) | G € G}), )
f-(G) = Mean (BestK,,, {E(F,G) | F€ F}). (15)

For the influenza weighted network, the same expression is evaluated by
replacing the edge sum in f, with

LAGX(T),x(7)).

For binary synthetic graphs, the corresponding edge sum uses binary
adjacency entries. Here, e(-,-) is the error function, BestK,, selects the K,
lowest-error pairings, and Mean averages their errors. A lower fitness error
indicates a better symbolic expression. The expressions in the selected
population then undergo selection, crossover, and mutation to generate the
next generation.

Computational complexity Let P, and P, denote the node- and edge-
population sizes, M the maximum number of generations, |7;,| the number
of interpolated timestamps, and |E| the number of edges. A naive pairwise
evaluation of candidate node and edge expressions has complexity
O(MP:P¢|T..|(]V] + |E])). excluding the expression-evaluation cost. In prac-
tice, the top-pairing strategy with K,,, reduces the number of effective pair
evaluations used to score each candidate, but CGS remains more computa-
tionally expensive than independent symbolic searches because candidate
node and edge expressions are evaluated cooperatively.

The complete CGS algorithm is detailed in Fig. 2(a). The process begins by
initializing populations F® and §©. In each iteration, the algorithm decides
which population to evolve based on (10). It then calculates fitness, checks
for convergence, and applies genetic operators. The search terminates when
a satisfactory solution is found or the maximum number of iterations is
reached, returning the best-fit symbolic expressions F* and G*.

Comparison

We compare SymDL *, NASSymDL *, D-CODE ', TP-SINDy '“ and CGS in
3(b). These methods cater to different problem settings, utilizing distinct
forms of input and output. SymDL and NASSymDL perform general symbolic
regression, finding a function y = f(x) from input-output pairs (x;,y).,. D-
CODE focuses on symbolic regression of dynamics, taking a single trajectory
{x(t)|te T} to output the governing ODE x = dx/dt. TP-SINDy and CGS
target symbolic regression of complex network dynamics, using multiple
trajectories {X(t)|t € T} to output symbolic network dynamics F and G.

We compare these algorithms in two aspects: proxy models and formula
regression. Proxy models are trained to fit data and serve as a basis for
deriving symbolic expressions. Formula regression directly extracts symbolic
expressions from raw data or proxy models. For proxy model, SymDL uses
graph networks (GN) with inductive bias, and NASSymDL employs neural
architecture search (NAS) for skeleton search. D-CODE can incorporate any

OPEN aACCESS

suitable regressor. CGS fits multiple trajectories using proxy, a graph neural
ODE aligned with network dynamics for better generalization. SymDL and
NASSymDL rely on potentially noisy estimated derivatives for dynamics
fitting, whereas D-CODE and CGS train directly on raw observations for
improved accuracy. TP-SINDy needs no proxy model.

In formula regression, methods using genetic search employ elementary
operations, including addition, subtraction, multiplication, division, sine, and
exponential, to represent formulas. This offers more flexibility and requires
less prior knowledge than TP-SINDy's linear combination of functions in a
predefined function library. SymDL and NASSymDL use the internal func-
tions * from the proxy models as supervision to compute fitness in genetic
search. D-CODE uses the interpolated trajectories as supervision. TP-SINDy
is based on sparse regression and uses estimated derivatives for symbolic
regression, which can be noisy and inaccurate over large time intervals. CGS
uses (3) from the proxy model as references for search coordination and
interpolated trajectories for fitness evaluation.

While our method co-evolves separate populations, it differs from general-
purpose techniques like the Cooperative Co-evolutionary Genetic Algorithm
(CCGA) *. CCGA is a generic optimization framework that decomposes a
problem and evolves sub-populations in a fixed, round-robin schedule,
agnostic to the individual performance of each component. CGS is designed
for symbolic discovery in network dynamics, where compensatory overfitting
between node and edge terms is a central concern. Its adaptive, reference-
guided coordination strategy prioritizes the dynamic component (node or
edge) that deviates most from its neural reference. This targeted approach is
intended to reduce component-wise compensation when discovering physi-
cally meaningful governing equations.

Theoretical analysis

Our theoretical analysis (see full proof in Section S3 of the Supplemental
Information) clarifies why CGS can be less sensitive than a Separate Search
(SS) baseline such as SymDL to component-wise proxy errors. We show that
for the SS bound to be small, the neural proxy must have small component-
wise errors for both node and edge dynamics. In contrast, the CGS bound
depends on the overall trajectory error of the proxy. This distinction aligns
with the central motivation of our paper: CGS is designed for settings where
errors in the proxy's components can compensate for each other even when
the overall trajectory fit is accurate. This is formalized in the following theo-
rem.

Theorem 1 (Error Bounds for CGS vs. SS). Let X, (t) be the ground-truth
trajectory. Under the bounded neural proxy error, Lipschitz continuity, and
bounded search error assumptions stated in Section S3 of the Supplemental
Information, the ground-truth fitting errors for CGS (Ews) and Separate
Search (Es) are bounded as follows:

Ecos = [1Xrice ees (1) = Xat (D] < Bcas + Eprony (16)

Ess = [[Xew 05 (1) = X (D] < Le(Oe+€¢) + Lo (36 + 6) amn

where g,.,, IS the neural proxy’s overall trajectory error, while e, and e, are
the errors of its individual node and edge dynamic components. The & terms
represent search algorithm errors, and L, L, are Lipschitz constants that
reflect the sensitivity of the system to change in F and G.

Implication of the Theorem. The theorem highlights a key difference: for
SS to achieve a small error, it requires both e, and g, to be small—a much
stronger condition than simply requiring a small ¢,,,,, as in CGS. In practice,
overfitting often leads to large component-wise errors that could cancel out
in the overall trajectory, so the SS bound can be much looser than the CGS
bound. Thus, CGS is more robust to this type of overfitting, which is central to
the motivation of our approach. Details of the assumptions, theorem proof,
and implications are provided in Section S3 of the Supplemental Information.

RESULTS

Effective symbolic regression with Coordinated Genetic Search
Extracting governing equations from real-world complex networks

presents fundamental challenges for symbolic regression. Observations are

often sparse, noisy, and irregularly sampled, rendering traditional numerical
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(a)

ARTICLE

Require: Neural dynamics f, node dynamics reference F, edge dynamics reference G, top-pair parameter Kiop, maximum

iteration M, threshold e.

1: Initialize the node dynamics population F(© and edge dynamics population G with random symbolic expressions;

2: fori=1,2,--- ,M do

3:  Compute d(F'~Y) and d(G"~V) using the coordination-distance definitions;

4: i d(FED) > d(GUY) then
5: Calculate the fitness error fz of each expression F in F¢~Y using the node-fitness objective;
6: if 3F € FU~Y £ < ¢, break;
7: Select, cross, and mutate the expressions in 7~ to generate the next population F(;
8: G = g(ifl);
9: else
10: Calculate the fitness error f¢ of each expression G in G¢~Y using the edge-fitness objective;
11 if 3G € U~V fo < ¢, break;
12: Select, cross, and mutate the expressions in G~ to generate the next population G(*;
13: FO = -1,
14: end if
15: end for

16: F* = argminFe}-@) fF,
17: G* = argming g fa;
18: return ", G*.

(b)
Category Design SymDL NASSymDL D-CODE TP-SINDy CGS
Inout input-output  input-output single multiple multiple
P pairs pairs trajectory trajectories trajectories
. GN w/ GN w/
r':]r:é(; Model design inductive bias NAS any regressor B inductive bias
Dynamics estimated estimated raw B raw
fitting data derivatives derivatives  observations observations
Prior elementary  elementary elementary function elementary
Formula knowledge operation operation operation library operation
regression i
g Method GS GS GS sparse coordinated
regression GS
. internal internal interpolated estimated network ref &
Supervision . . . o . . )
functions functions trajectory derivatives interp. trajectories
input-output  input-output Graph Graph
Output mapping mapping ODE ODE ODE

Figure 2. (a) Algorithm for Coordinated Genetic Search for symbolic regression. (b) Comparison with different methods for symbolic regression. (GN: graph network, NAS:

neural architecture search, GS: genetic search)

differentiation unreliable. More critically, the dynamics of nodes and edges
are intrinsically coupled: a node's state evolution is an aggregate of its self-
dynamics and interactions with neighbors. Without a mechanism to disen-
tangle these components, search algorithms face an identifiability crisis,
often discovering complex edge formulas that erroneously compensate for
misspecified node dynamics (or vice versa). Such models may fit the training
data but fail to capture the underlying physical laws.

To resolve these issues of data quality and dynamic coupling, we propose
Coordinated Genetic Search (CGS). As illustrated in Fig. 1, CGS proceeds in
two integrated phases: neural proxy modeling and coordinated symbolic
search. First, we train a neural proxy parameterized by graph neural ordinary
differential equations (GN-ODEs). By incorporating the structural inductive
bias of network dynamics, this model effectively disentangles the learned
behavior into neural node functions (£) and edge functions (&). Crucially, the
proxy acts as a robust interpolator, reconstructing dense, denoised trajecto-

ries from sparse observations to enable accurate derivative estimation.

Subsequently, we introduce a coordinated mechanism to discover the
symbolic expressions F* and G*. Unlike traditional approaches that treat
these components independently or sequentially, CGS co-evolves two popu-
lations of symbolic expressions. To reduce the emergence of compensatory
but physically incorrect formulas, the algorithm leverages the neural refer-
ences F and ¢ to guide the search. Specifically, CGS dynamically prioritizes
the population that deviates most from its neural reference. This coordina-
tion constrains the search space and helps guide the search toward general-
izable, physically meaningful laws rather than formulas that only fit trajectory
data.

Accurate recovery of synthetic network dynamics
To validate the efficacy of Coordinated Genetic Search (CGS), we bench-
marked its performance against three established symbolic regression meth-

I“HOWATION FIESS
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ods: SymDL “, SINDy ¥, and Two-Phase SINDy (TP-SINDy) %, We evaluated
these approaches across four canonical network dynamics: Susceptible-
Infected-Susceptible (SIS) epidemics ', Lotka-Volterra (LV) population
dynamics ', Wilson-Cowan (WC) neural firing ®°, and Kuramoto (KUR) oscil-
lators '°. Simulations were conducted on complex Erdds-Rényi (ER) *' and
Barabasi-Albert (BA) * graph topologies consisting of 200 nodes. We
assessed performance based on the recovery probability of the correct
symbolic skeleton and the Mean Squared Error (MSE) between observed
trajectories and those simulated from the recovered equations. We excluded
NASSymDL “* as our use of known inductive biases negates the need for
neural architecture search, and D-CODE '’ due to its incompatibility with multi-
trajectory regression. Detailed experimental settings, including dataset statis-
tics, network training, and genetic-search hyperparameters, are provided in
Section S1 of the Supplemental Information.

As shown in Fig. 3, CGS consistently achieved the highest recovery proba-
bility across the tested systems. While TP-SINDy improves upon standard
SINDy by incorporating a fine-tuning phase to prune terms with small coeffi-
cients, it exhibited instability in recovering the correct skeletons for SIS and
LV dynamics. This instability likely stems from the reliance on numerical
derivative estimation (via five-point approximation *) and an inability to
effectively constrain the model space; data normalization in these baselines
can further exacerbate the issue by causing overfitting to candidate func-
tions.

The limitations of sparse regression were particularly evident in the WC
dynamics experiments. Here, TP-SINDy consistently failed to regress the
correct skeleton because the edge dynamics evolve via a parametric func-
tion that cannot be represented as a linear combination of the predefined
elementary functions used in the library. Conversely, for the KUR dynamics,
both TP-SINDy and CGS successfully recovered the underlying laws with a
probability of 1. In comparative terms, SymDL relies solely on a proxy model
to search for node and edge dynamics separately. By contrast, CGS utilizes a
coordinated search process involving neural references and interpolated
trajectories, allowing it to achieve stronger recovery and prediction results in
these controlled synthetic settings. These synthetic results provide strong
evidence that CGS can recover the physical laws governing the tested
network dynamics when the ground-truth equations are known. Additional
results, including runtime comparisons, an overfitting case study under inter-
polated and extrapolated settings, and results on multi-dimensional
FitzHugh—Nagumo dynamics, are provided in Section S2 of the Supplemen-
tal Information.

Case study on real influenza A dataset

Dataset \We evaluate CGS on a real epidemic network using the same
influenza A (HTN1) spreading dataset as '“. In this dataset, each node repre-
sents a country or region, with the daily counts of newly reported cases as
node states. The directed aviation edge j — i represents passenger flow from
source region j to target region i. Its raw weight is the corresponding air-
passenger volume. Following the preprocessing of "%, passenger volumes are
normalized using population information and total daily passenger volume,
yielding the normalized weighted adjacency A, used in the influenza model.
Because this real-world dataset has no ground-truth symbolic governing
equation, the experiment cannot evaluate symbolic recovery probability as in
the synthetic systems. We instead treat it as a proof-of-concept case study
and evaluate the inferred expressions by trajectory consistency with
observed case counts, normalized prediction error, and physical plausibility.
For a fair comparison, we employed the same data preprocessing proce-
dures as "%, such as constructing the adjacency matrix and data cleaning.
The symbolic regression is performed on population-normalized case trajec-
tories. Specifically, daily case counts for all countries/regions are divided by
the maximum population among the nodes in the influenza network before
fitting. The reported MSE is computed on this normalized scale so that the
fitted equations and error metric are defined consistently. For visualization
and interpretation in Fig. 4(a), simulated trajectories are transformed back to
the raw case-count scale. Therefore, the numerical coefficients in the recov-
ered expressions should be interpreted with respect to population-normal-
ized state variables rather than raw daily case counts.

Results We use CGS, SymDL, and TP-SINDy to regress candidate

OPEN 8ACCESS

symbolic expressions for influenza A spread dynamics, and the regressed
expressions are summarized in 5(b). The expression recovered by CGS in this
case study is

% (t) = ax(t) + LA 2 x (1), (18)

where j — | denotes passenger flow from source region j to target region i,
and a=0.0740, b=0.0015, m=—-0.0041 and c¢=9.9643. The node
dynamics in (18) is a linear function, which is consistent with early exponen-
tial growth in epidemic models. The weighted edge contribution in (18) is
proportional both to the source region's population-normalized case state
and to the normalized passenger-flow weight, matching the intuition that
mobility-driven spread increases with passenger flow from source to target
and with infection level in the source region. The other factor of edge dynam-
ics consists of a composition of a linear transformation followed by a
sigmoid activation. This suggests that the rate of new infections from neigh-
bors may be modulated by the local infection level, possibly due to factors
such as population saturation, changes in mobility, or implemented control
measures. This interpretation should be treated cautiously because the real
dataset does not provide ground-truth mechanisms.

The symbolic expressions regressed by TP-SINDy and SymDL are

x(t) =ax()+ LA LA

U W+c>«p7(‘\‘(f)ij([)) ’

(19)

% (1) = a'x,(1)? + LA —"——x(1)

i chpf(x,n)iju)) i

(20)

where a' = 0.074,b' = 7.130,a" = 0.0742,b" = 0.0012. (19) is less physically
plausible for epidemic spreading because it predicts a nonzero interaction
contribution even when infected cases are absent. In contrast, (18) yields a
zero interaction contribution when neighboring infected cases are zero, align-
ing with the expectation that epidemics cannot spread without infected indi-
viduals. Compared with (20) from SymDL, (18) has a simpler node dynamics
and edge dynamics in this case study.

We compare the trajectories of symbolic expressions in (18), (19) and (20)
with the real infected cases. Fig. 4(a) visualizes the simulation results of
inferred dynamics in two regions, i.e, "Finland" and "Saint Pierre and
Miquelon”, after transforming the simulated normalized trajectories back to
the raw case-count scale. The trajectories inferred by CGS are visually more
consistent with the observed case trajectories in these two displayed regions,
while the trajectories inferred by TP-SINDy and SymDL deviate more visibly.
Because only observed case counts are available, these comparisons assess
predictive consistency rather than correctness of a recovered symbolic law.

We evaluate the normalized prediction error of the regressed dynamics.
Using this normalized error scale, CGS obtains a lower normalized MSE than
TP-SINDy in this case study (0.8261 versus 0.9028), but the improvement is
modest; therefore, we interpret the real-data result mainly as evidence of
physical plausibility and predictive consistency rather than broad empirical
dominance.

Robustness of Coordinated Genetic Search

We evaluate the robustness of CGS and TP-SINDy with the KUR dynamics,
highlighting the advantages of the neural-symbolic approach over methods
based on numerical derivatives (as stated in the introduction). We focus on
performance under noisy observations and with large time intervals.

We add Gaussian noise to node states to assess performance under noise,
with noise magnitude measured by the signal-to-noise ratio (SNR). As shown
in Fig. 5(a), our method maintains a 100% recovery rate even as the SNR
decreases to 25 dB, while TP-SINDy's recovery rate falls to 0% at 30 dB. In
Fig. 5(b), CGS consistently produces more accurate symbolic expressions
that have lower MSE. This occurs because TP-SINDy relies on numerically
estimating time derivatives that are noisy and inaccurate, whereas our
method uses neural dynamics to denoise and interpolate observations
directly. Deep neural networks excel at handling noisy data by learning
meaningful patterns from large amounts of data, even when the data
contains significant noise. Using the accurately denoised observations, CGS
predicts the constants in the formula more accurately and produces a more
accurate trajectory when noise is present.
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(a) Graphs | Dynamice | Rec. Prob. MSE| (10-2)
| SymDL SINDy TP Pl | SymDL SINDy TP PI
SIS 0.35 0.11 0.15 1.00 | 0.979+0.173 0.484%£0.056 0.434+0.052 0.312+0.012
BA LV 0.16 0.12 0.20 1.00 | 2.075£0.303 1.170+0.049 0.875+0.057 0.136+0.008
KUR 0.80 0.87 1.00 1.00 | 0.064+0.018 0.175+0.016 0.040+0.003 0.007+0.001
WC 0.56 0.00 0.00 1.00 | 0.362+0.057 NA NA 0.092+0.004
SIS 0.31 0.11 0.17 1.00 | 1.173+£0.095 0.468+£0.059 0.386+0.051 0.119+0.025
ER LV 0.15 0.09 0.19 1.00 | 1.784+0.236 0.941+0.041 0.763%£0.077 0.251+0.007
KUR 0.87 0.78 1.00 1.00 | 0.071£0.018 0.087+0.022 0.069+0.019 0.017+0.001
WC 0.40 0.00 0.00 1.00 | 0.266%0.047 NA NA 0.044+0.003
(b) Dynamics Models Node dynamics Edge dynamics
GT —0.5;(t) (1 — i (t))z;(t)
CGS —0.48540; (t) (1= 2i(t))z; ()
SIS TP-SINDy (Rec.) —0.46640z;(t) (0.99119 — 1.09637;(t))2;(t)
0.10860sigmoid(x; (t) — x;(t))+
TP-SINDy (Fail)  —0.4725622(t) — 0.12596 0.18835(z; (t) — z2(t))
0.19917 (2 (t) — 24(t)) + 0.35416 sin(x; (¢))
SymDL (Rec.) —0.54827x4(t) (1.03945 — 0.92538; (1)) (t)
SymDL (Fail) —0.6017;(t) sin(cos(z;(t) — 0.5178))  (0.9966 — 1.1798z;(t) 4 0.1984 sin(x;(t)))z; (£)
GT 2;(£)(0.75 — 0.5z;(t)) —zi(t)a; (t)
CGS ;(£)(0.75034 — 0.48812;(t)) —0.99428; (1) (t)
Lv TP-SINDy (Rec.)  ;(£)(0.69882 — 0.41853x;(t)) —0.91701a; ()2, (t)
TP-SINDy (Fail)  0.03984 + 0.36330 sin(z;(t)) —0.945810x;(£); () — 0.11895;(t)23(t)
SymDL (Rec.)  a;(t)(0.703971 — 0.54885z4(t)) —1.11962; ()2, (t)
SymDL (Fail) (24(t) — 0.027459) exp(—1.2791z;(t))  —1.006(z;(t) — 0.0031034)z; (t)
GT 0.75 sin(z;(t) — (1))
CGS 0.75002 sin(1.0001z; (t) — (1))
KUR TP-SINDy (Rec.) 0.75014 0.99899 sin (z; () — x;(t))
TP-SINDy (Fail)  NA NA
SymDL (Rec.)  0.74777 0.99037 sin(z; () — x;(t))
SymDL (Fail) zi(t) 0.00815 + 0.74624 0.99725 sin(z; () — 1.003z(t) 4 0.0013507)
GT —x;(t) sigmoid(—0.75(z;(t) — 0.5))
CGS —x;(¢) sigmoid(—0.74503(z, (t) — 0.49128))
WC TP-SINDy (Rec.) NA NA

TP-SINDy (Fail)

—0.82267;(t)

0.08513sigmoid(z; (t) — z;(t))
+0.68484sigmoid(x;(t))

SymDL (Rec.)

—1.0132x;(t)

sigmoid(—0.78165(x;(t) — 0.47162))

SymDL (Fail)

—1.0953z;(t) — 0.00437

sigmoid(sigmoid((z;(t) + 0.7432)

i(t)) — 0.046806

Figure 3. (a) Performance comparison on synthetic datasets. MSE values are scaled by 10-2? and should be multiplied by 102 to obtain the actual values. (TP: TP-SINDy, PI:
CGS, NA: MSE is not applicable because of failure of the correct skeleton recovery.) (b) Symbolic regressions of CGS, TP-SINDy (Rec.), TP-SINDy (Fail), SymDL (Rec.), and
SymDL (Fail) on SIS, LV, KUR, and WC dynamics in the BA graph. The ground-truth dynamics follow standard epidemic, ecological, oscillator, and neural dynamics formula-

tions 9131415

I“HOWATION FIESS
nre

Al Plus 1(1): 100006, September 30, 2026

7
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Days Days

Figure 4. (a) Visualizing the predicted number of newly reported cases in two regions after transforming simulated normalized trajectories back to the raw case-count
scale. (b) The symbolic expressions regressed by CGS, TP-SINDy, and SymDL on the influenza A dataset following the setup of '>. The expressions are defined on population-

normalized case states, and edge summations use the normalized weighted aviation adjacency A;j.

(b)

1.00 % e o ‘ —e— TP-SINDy
CGS
0.075 1
o 0.751
£ t 0.050
o 4 [Vp] . b
> 0.50 2
[0)
o ] .025
0.25 —e— TP-SINDy 0.025
CGS
0.001 : , . . . 0.000 1 . : — ; :
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(c) Noise SNR (dB) (d) Noise SNR (dB)
1.001 —e— TP-SINDy
0.06 CGS
5 0.751
2 W 0,041
2 0.50 g
(6}
(] d
X (.25 0.02
—e— TP-SINDy
0.004 ¢ 0.001_% —— :
10-2 10-1 100 1072 1071 10°
At At
(e) (f)
Model ‘ SIS ‘ LV Models ‘ Noise (SNR=35dB) ‘ Time interval (At = 1.28)
| Rec. Prob.t  MSE/ (10-%) | Rec. Prob.t MSEL (1072) | Rec. Pro.t MSE| (1072) | Rec. Pro.t  MSE| (107?)
CGS 1 0.312+0.012 1 0.136+0.008 CGS | 1 0.47840.103 | 1 0.454+0.213
CGS w/o Interp 0.81 0.408+0.027 0.86 0.588+0.028  CGSwiolnterp | 084  6.970+1.870 | 078  2.645:1.138

Figure 5. Evaluation of robustness and the effect of denoised/interpolated trajectories. Shaded areas correspond to 95% confidence interval. (a) and (b) show the recovery
probability and MSE when adding noise to observations. (c) and (d) show the recovery probability and MSE when increasing the time interval between observations.
(e) Results for removing interpolated and denoised trajectories on SIS and LV dynamics in the BA graph. (f) Ablation variants compared with the full method on KUR dynam-

ics in the BA graph.

TP-SINDy relies on the equal time interval to estimate time derivatives.
Therefore, we increase the interval size to compare the performances of TP-
SINDy and CGS. Sampling timestamps from [0, 100] with different intervals
At, Fig. 5(c) shows that our model maintains a 100% recovery rate, while TP-
SINDy fails with larger intervals. Fig. 5(d) shows that CGS produces lower
MSE across the tested intervals when both methods recover the correct
skeleton of dynamics. This is because the interpolated observations in CGS
are better suited when the time interval is large compared to the estimated
time derivatives used by TP-SINDy. Visualization of interpolated trajectories
and estimated time derivatives are shown in Figure S1 of the Supplemental
Information.

Effect of denoised and interpolated trajectories

We conduct this ablation to isolate the effect of denoised and interpolated
trajectories in CGS. Therefore, we test a variant of CGS that uses the original
observations instead of the interpolated and denoised trajectory when calcu-
lating the fitness (CGS without Interp.).

Fig. 5(e) shows the results of SIS and LV dynamics in the BA graph. With-
out the interpolated and denoised observations, both the recovery probability
and the accuracy of CGS drop. This indicates that the interpolated and
denoised trajectories can provide high-quality fitness evaluation for symbolic
regression.

We also evaluate the robustness of the ablation variants. Fig. 5(f) shows
the results for KUR dynamics in the BA graph when the observations are
noisy or the time interval is large. Unlike the results in Fig. 5(e), the success
probability drops substantially when the interpolation component is removed.
This supports the role of neural dynamics in denoising and augmenting
trajectories.

This ablation isolates the trajectory-denoising and interpolation compo-
nent rather than fully isolating adaptive coordination. A direct independent
fitting strategy that fits F and G separately to neural references can inherit
component-wise proxy errors: even when the proxy trajectory is accurate, its
learned node and edge components may compensate for one another. CGS
uses the neural references only to coordinate search priority, while the fitness
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of candidate symbolic pairs is evaluated against denoised trajectories. The
theoretical comparison with Separate Search in Theoretical analysis formal-
izes this distinction. A fully controlled empirical ablation isolating adaptive
coordination from independent search, fixed alternation, and random-priority
co-evolution remains an important direction for future work.

DISCUSSION

Complex network dynamics pose a central challenge for mechanistic
discovery: accurate prediction does not necessarily imply correct mecha-
nism. Because a node's observed evolution conflates intrinsic behavior with
interactions, independently regressing node and edge equations can produce
compensatory formulas that fit trajectories but obscure the underlying laws.
CGS addresses this ambiguity by making coordination, rather than indepen-
dent fitting, the core of symbolic discovery.

By combining a graph neural ODE proxy with coordinated genetic search,
CGS uses neural models not as black-box endpoints but as scaffolds for
interpretable equation discovery. The neural proxy denoises sparse observa-
tions and provides separate references for node and edge effects, while the
symbolic search adaptively improves the component that deviates most
from its reference. This strategy reduces compensatory overfitting and
guides the search toward compact laws that are both predictive and physi-
cally meaningful.

Across synthetic systems, CGS improves formula recovery, prediction
accuracy, and robustness to noise and coarse sampling under controlled
settings with known ground-truth equations. The influenza A experiment
provides a real-world plausibility case study: the recovered expression is
consistent with basic epidemic-spreading intuition and obtains a modestly
lower normalized prediction error than TP-SINDy, but it does not establish
broad real-world superiority. These results suggest that coordinated
symbolic discovery has potential to move network science beyond forecast-
ing toward mechanism-level understanding. More broadly, this principle may
extend to systems with hidden variables, adaptive connectivity, or higher-
order interactions, where discovering the structure and the governing equa-
tions must ultimately become a joint problem.

Limitations of the study

Our method has several limitations:

e The real-data evaluation is limited to one influenza A case study.
Because real-world systems lack ground-truth governing equations,
symbolic correctness cannot be verified directly; the real-data result should
therefore be interpreted as evidence of physical plausibility and predictive
consistency rather than proof of the recovered mechanism.

e The current empirical ablation isolates the denoised/interpolated trajec-
tory component, but it does not fully isolate adaptive coordination against
independent search, fixed alternation, or random-priority co-evolution. A
controlled empirical study of these variants remains important future work.

e CGS cannot successfully recover symbolic expressions when the formu-
lations are highly complex or the dimension of node states is high. Highly
complex formulations imply a large genetic-search space, often requiring
larger populations and more generations. Since the fitness of our method is
calculated based on pairwise combinations of node and edge dynamics, the
fitness evaluation is computationally expensive and memory-consuming.

e CGS depends on the proxy model producing sufficiently accurate
denoised trajectories. If the graph neural ODE proxy fits the observed trajec-
tory poorly, the symbolic search may be guided by low-quality trajectory
supervision.

e CGSremains challenging when variables are missing in the observa-
tions. In some complex systems, it is difficult to observe all variables at the
same time. In this case, the prediction accuracy of neural dynamics (4) may
not be high enough to provide high-quality supervision data for symbolic
regression.
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