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Partial differential equations (PDEs) have extensive applications across
various fields, as they can model the physical properties and behaviours of
complex systems, but their analytical solutions are seldom available. Classi-
cal numerical methods, such as FDM and FEM,' can provide solutions to
given PDEs, but they may face challenges for irregular domains, high dimen-
sions, and inverse-problem cases due to their computational complexity and
mesh-dependent properties. In recent years, Physics-informed neural
networks (PINNs) have sprung up in scientific machine learning and attracted
lots of researchers'’ attention.” Theoretically, this method casts the solution of
a given PDE into an optimisation problem by incorporating physical laws into
the neural networks via automatic differentiation. In form, deep neural
networks (DNNs) are configured as their solvers, and the target loss function
comprises the residual terms arising from enforcing physical constraints and
the discrepancy between the observed data and the neural network predic-
tions. While effective for well-posed problems with high-quality data, the
general PINNs lack mechanisms to quantify uncertainty, making them ill-
suited for real-world applications where measurements are inherently noisy,
physical parameters are uncertain, and constraints are incomplete. To
address these limitations, researchers have developed Bayesian PINNs (B-
PINNs) by combining the PINNs with Bayesian inference that is robust for
uncertainty quantification in noisy observations and limited constraints.’
Subsequently, it is extended to address a broad class of PDEs, such as the
phonon Boltzmann transport equation and the governing equations for hybrid
nanofluid systems. Moreover, application-oriented variants such as inverse
BPINNs have been proposed for engineering problems, notably seismic
inversion in geologically complex settings.*
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Figure 1. The semantic diagram of B-PINNs for solving PDEs with noise or incom-
plete constraints Input points are fed into a normal or multi-scale DNN to generate
predictions. By incorporating physical laws via automatic differentiation of the predic-
tions, the log-likelihood loss is derived. Finally, the posterior distribution is obtained
through training and inference.

UNIFIED ARCHITECTURE OF B-PINNS
For systematically introducing the concept and framework of B-PINNs, we
consider the following PDE of the form:

Nu(x) =1(x), xeQ

Bu(x) =g(x), xel M

where N, is a differential operator, u is the solution, A represents the physi-
cal parameters, f is a forcing term, Q is a interested domain in d-dimen-
sional Euclidean space, B is a boundary operator, and I" stands for the
boundary of Q.

In B-PINNs, the solution u is represented by a Bayesian neural network
u(x;8) with parameters 6 following a prior distribution P(8). Bayesian neural
networks (BNNs) are the probabilistic extension of conventional neural
networks, and the network parameters are modelled as a probability distribu-
tion.”* Specifically, the weights and biases in the /,, hidden layer of BNNs are
treated as random variables, such as assumed to follow a zero-mean Gaus-
sian distribution or a Laplace distribution. In practice, B-PINNs apply Bayes'
theorem to update the network parameters based on observed data, and it is

)

where P(8]D) is the posterior distribution that captures all uncertainties
about the network parameters for given available data, P(8) is the prior distri-
bution, P(D) represents the distribution of given available data, and P(D|6) is
the likelihood function used to combine the physical law and observed data
with the network parameters. Therefore, we can estimate the posterior distri-
bution of network parameters and provide an approximation of the solution
according to a given training dataset. Then, under the physical constraints of
Eq. (1), a log-likelihood loss is required and expressed as:

P(6|D) = P(B)P(D|6) /P(D

logP(D|6) = log P(D(|B) +1log P(D,|6) (3)
with
v acie) -7
D:|6 :1;1 > 727_? (4)
and
|32 (x:6) ~ g
PD10) = [T (ZT ®

where the D stands for the observed dataset that composed of the sparse
collocation points and the corresponding evaluation of f and g, ie,
D=D,UD, with D, = {(x,F)}*, and D, = {(x,,§)},. These observations
are i.i.d. Gaussian random variables, i.e.,

’F:f(xyf)+8f’71:-|727 7N and g/:g()(ff)+£371:.|727 7M (6)

In which & = {¢/,&’,---} and g, = {e] ¢Z,---} are independent mean-zero
Gaussia n noise with standard deviations 7, and 7, respectively. If there are
supplementary observed data of solution, ie, D,={(xf,i)}, with
O = u(x)+¢&, k=1,2,...,K then a likelihood term is provided to quantifies
the mismatch between B-PINN's predictions and empirical measurements. It
is
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where T, is the standard deviations for mean-zero Gaussian noise
g, ={¢,€%,...}. At the end, the schematic of the B-PINNs architecture is
described and plotted in Figure 1.

In B-PINNSs, uncertainty is typically viewed as having two complementary
components: aleatoric uncertainty, which represents inherent randomness in
the data-generation process and is modelled through the likelihood, and epis-
temic uncertainty, which reflects model uncertainty due to limited data and is
captured by the posterior distribution over parameters. This posterior uncer-
tainty propagates to predictions at a new input x* via the Bayesian predictive
distribution

P(u

x3D) = fP(u*

where u* denotes the predicted solution at x*. As a result, B-PINNs produce
predictive distributions rather than point estimates, enabling uncertainty
bands to be placed around the predicted solution.

X':0) P(6;D)dB, ()

ESTIMATION APPROACHES FOR B-PINNS

Generally, the network parameters 6 for BNNs are a high-dimensional
random variable, and the corresponding posterior distribution is very tough to
obtain through direct calculation or effective sampling. Alternatively, approxi-
mation methods such as Variational Inference (VI) and Hamiltonian Monte
Carlo (HMC) can be used for posterior inference.

VI assumes that the posterior distribution belongs to a family of parame-
terised distributions and transforms Bayesian inference into an optimisation
problem.” It approximates the true posterior P(8|D) with a simpler paramet-
ric distribution Q,(8) (the variational family), then optimizes the parameters ¢
to minimize the Kullback-Leibler (KL) divergence of Q,(8) and P(8|D). Itis

Q,(9)
P@©ID)’

D.[0,(8)|IP(6]D)] = [ Q,(6)10g ©)

For B-PINNs, common variational families include mean-field Gaussian
distributions or more sophisticated approximations like normalising flows. Its
advantages include three aspects: (1)its drawing sample is inexpensive
compared to MCMC in the training process; (2) it handles large datasets and
models better than MCMC methods; and (3) it can leverage existing deep
learning optimisation tools and infrastructure.

HMC represents a gold standard for posterior inference due to its ability to
efficiently explore high-dimensional parameter spaces.” It utilises Hamilto-
nian dynamics to propose distant states with high acceptance probability,
overcoming the random walk behaviour of simpler MCMC methods. In the
context of B-PINNs, HMC samples from the posterior distribution P(8|D) by
simulating Hamiltonian dynamics in the parameter space; this mode of
movement is jumping, which enables the sampling process to traverse differ-
ent parameter regions and approach the true posterior distribution more
quickly. In addition, to accelerate parameter estimation and Bayesian infer-
ence, advanced methods such as Natural Gradient VI, Low-Rank VI, Operator
VI, Stochastic Gradient HMC, SGLD, NUTS, and Vectorised HMC have been
developed. They are particularly well-suited for high-dimensional PDEs and
large-scale training datasets.” Moreover, a hybrid approach is usually effec-
tive for real-time problems: initialising parameters via SGD optimisers (e.g.,
Adam) followed by posterior sampling using the above advanced algorithms.
These strategies can well balance the fidelity and the computational effi-
ciency.

APPLICATIONS OF B-PINNS FOR SOLVING PDES

B-PINNs have been shown to deliver robust PDEs' solutions even when
observational data are corrupted by noise and the underlying physical
constraints are incomplete or uncertain. Because real-world science and
engineering almost always involve making inferences from imperfect infor-
mation, B-PINNs are broadly applicable: they can handle forward problems
with noisy boundary or initial conditions by propagating measurement uncer-
tainty and producing confidence intervals for predictions in unobserved

regions; they support inverse problems and parameter discovery by estimat-
ing unknown PDEs parameters (such as material properties, reaction rates, or
diffusion coefficients) from sparse, noisy measurements; they accommodate
heteroscedastic settings by allowing noise levels to vary across data points
via per-sample variance in the likelihood; and they remain effective when
constraints are only partially known, for instance by learning governing equa-
tions from historical data and embedding them into a B-PINNs framework for
prediction with uncertainty quantification. Moreover, B-PINNs extend natu-
rally to stochastic PDEs by modelling uncertain coefficients or boundary
conditions as random variables with prior distributions, enabling uncertainty-
aware solutions for cases like diffusion with random coefficients, wave prop-
agation in heterogeneous media, and fluid flow under uncertain boundary
conditions.

DISCUSSION

B-PINNs deliver reliable PDE solutions under noisy or incomplete
constraints by integrating physics-based modeling with Bayesian inference.
Rather than serving solely as numerical solvers, they offer a probabilistic
framework for scientific inference that respects physical laws while quantify-
ing uncertainty. Despite strong empirical performance, their theoretical foun-
dations remain underdeveloped, with open questions on posterior consis-
tency, error bounds, convergence and generalization. Recent numerical anal-
ysis further identifies training error as a key bottleneck, motivating deeper
investigation into the optimization landscape of physics-informed losses and
the design of more effective training strategies. Relevant theoretical tools
include PCA-based Bayesian inference, Sobolev space and functional
approximation theories, the neural tangent kernel and optimal transport.

Promising future applications span multiscale and multiphysics systems,
digital twins, real-time monitoring, experimental design and data-driven
discovery of governing laws. Broader industrial adoption will require integra-
tion with existing simulation workflows, certification for safety-critical
contexts and user-friendly interfaces. Meanwhile, advances in neural archi-
tectures—such as physics-informed Kolmogorov—Arnold Networks, geomet-
ric deep learning, and operator learning in noisy settings—offer opportunities
to enhance accuracy, efficiency and interpretability while preserving the
uncertainty quantification that distinguishes B-PINNs from deterministic
approaches.
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