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GRAPHICAL ABSTRACT

PUBLIC SUMMARY
■   Modern theory of polarization extends ferroelectricity beyond conventional polar space groups.

■   Formal polarization is multivalued and compatible with the generalized Neumann principle.

■   Fractional quantum and ionic-conductor ferroelectricity share a topological origin.

■   Long-range ion motion if realized can produce quantized polarization changes.

■   Interfaces and domain walls offer promising functionality for topological ionics.
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Ferroelectricity,  a  hallmark  of  spontaneous  inversion-symmetry  breaking,
has  been  a  central  concept  in  condensed  matter  physics  and  functional
materials  research,  yet  recent  discoveries  are  revealing  that  switchable
polarization can  emerge  in  forms  far  richer  than  allowed  by  the  conven-
tional  symmetry-based  paradigm.  Fractional  quantum  ferroelectricity  and
ionic-conductor ferroelectricity challenge the long-standing association of
ferroelectricity  exclusively  with  polar  space  groups.  In  this  Review,  we
reconcile  these  emerging  phenomena  within  the  Berry-phase  modern
theory of  polarization.  We  emphasize  that  polarization  in  insulating  peri-
odic crystals is not a single-valued vector,  but a multivalued lattice quan-
tity defined modulo  a  polarization  quantum.  Consequently,  nonpolar  crys-
tals  may  possess  nonzero  formal  polarization,  and  adiabatic  paths
connecting  symmetry-equivalent  structures  can  produce  quantized
changes in polarization without violating symmetry principles. The symme-
try  of  this  multivalued  formal  polarization  is  governed  by  a  generalized
Neumann  principle.  We  further  show  that  the  large  polarization  changes
induced  by  long-range ion  migration  in  both  fractional  quantum  ferro-
electrics  and  ionic-conductor  ferroelectrics  can  be  naturally  understood
through the topological definition of oxidation state, which links ionic trans-
port to quantized charge transfer and polarization change. We discuss the
physical accessibility  of  these  unconventional  polarization  states,  high-
lighting the roles of switching pathways, boundary conditions, and domain-
wall dynamics, particularly in systems such as α-In2Se3. Finally, we suggest
that  the  most  promising  functionality  of  these  materials  may  lie  not  in
conventional bulk ferroelectric switching, but in the creation and control of
charged interfaces and domain walls arising from discontinuities in formal
polarization.

 INTRODUCTION

3

The  origin  of  ferroelectricity  can  be  traced  to  Joseph  Valasek’s  seminal
1921  discovery  of  dielectric  hysteresis  in  Rochelle  salt,1 an  observation  he
explicitly  compared  to  the  behavior  of  ferromagnets.  This  finding  laid  the
foundation  for  the  standard  definition  of  ferroelectrics.  As  articulated  in  the
influential  book by Lines and Glass,2 a  ferroelectric is  a material  with two or
more  distinct  orientational  states,  each  associated  with  a  non-zero sponta-
neous polarization that can be reversed by an external electric field. Because
polarization is  traditionally  defined as the dipole  moment  per  unit  volume,  a
vector  quantity,  it  became  widely  accepted  that  spontaneous  polarization
must  break  spatial  inversion  symmetry,  mirroring  the  role  of  time-reversal
symmetry breaking in ferromagnets. As a result, the concept of ferroelectric-
ity became closely linked to crystal symmetry, particularly through Neumann’
s  Principle,3 which  states  that  a  crystal  can  exhibit  a  spontaneous  vector
property only if it belongs to one of the ten polar point groups. This symmetry-
based  framework  proved  highly  effective  in  describing  ferroelectrics.  It  not
only supported the development of Landau theory for the ferroelectric–para-
electric phase transition but also guided the identification and design of key
ferroelectric  materials,4 such  as  the  perovskite  barium  titanate  (BaTiO ).5–7

The relationship between ferroelectricity and symmetry was therefore viewed
as both robust and comprehensive.

While the analogy between ferroelectricity and ferromagnetism has played
a  key  role  in  understanding  these  materials,  it  obscures  a  key  conceptual
difference.  Unlike  the  magnetic  moment,  an intrinsic  and well-defined prop-
erty of electron spin, electric polarization in a periodic crystal is not a uniquely
defined local  quantity.  This  limitation is  particularly  evident  in  light  of  recent
proposals for  unconventional  ferroelectric  states  that  appear  to  defy  stan-
dard  symmetry-based definitions.  One  such  example  is  provided  by  frac-
tional  quantum  ferroelectrics  (FQFEs),8,9 in  which  spontaneous  polarization

can  arise  even  in  crystals  whose  symmetries  would  forbid  non-zero  vector
properties. Similarly, the concept of quantized ferroelectricity in ionic conduc-
tors, referred to here as ionic conductor ferroelectrics (ICFEs),10 proposes that
long-range ionic displacements can generate quantized changes in polariza-
tion. Both concepts challenge the conventional view that switchable polariza-
tion must originate from one of the ten polar point groups. This, in turn, raises
questions  about  the  universality  of  Neumann's  principle  in  describing  all
forms of switchable polarization.

In  this  Review,  we  examine  these  conceptual  contradictions  through  the
framework of the modern theory of polarization.11–14 Within this theory, polar-
ization  is  not  a  classical  vector  but  multivalued  quantity  defined  modulo  a
quantum.  Following  the  formalism  developed  by  Resta  and  Vanderbilt,  we
draw a distinction between two key concepts:  (1) formal  polarization, deter-
mined  by  the  Berry  phase  of  the  electronic  wavefunction  and  inherently
multivalued, and (2) effective polarization, defined as the change in polariza-
tion relative  to  a  centrosymmetric  reference  state,  which  manifests  physi-
cally  as  a  measurable  flow  of  charge.  When  viewed  through  this  lens,  the
unusual  properties  of  FQFEs  and  ICFEs  no  longer  appear  paradoxical  or  in
conflict  with  symmetry  principles.  Rather,  they  reflect  a  broader  and  more
nuanced understanding of what it means for a material to exhibit switchable
polarization.  By distinguishing between formal  and effective polarization,  we
return to the core of Valasek’s original insight: polarization is ultimately about
the measurable  movement  of  charge.  To  accurately  classify  these  uncon-
ventional  systems,  we  must  move  beyond  static  symmetry  constraints  and
instead  consider  ion-transport dynamics,  the  influence  of  boundary  condi-
tions,  and  the  functional  consequences  of  polarization  switching  in  real
materials.

α 2 3

This  Review  is  structured  as  follows.  We  begin  by  revisiting  the  modern
theory  of  polarization  (MTP),  highlighting  the  multivalued  and  quantized
nature  of  formal  polarization,  along  with  its  topological  character  and
symmetry  constraints.  We  also  clarify  the  relationship  between  formal  and
effective  polarization,  emphasizing  how  the  latter  relates  to  physically
measurable  quantities.  We  then  apply  this  framework  to  FQFEs,  discusses
the  generalized  Neumann  principle,  and  critically  examines  the  physical
mechanisms at play in materials like -In Se , with a focus on domain-wall
dynamics.  We  further  extend  the  analysis  to  ICFEs,  linking  long-range  ionic
transport to quantized polarization changes and exploring the practical chal-
lenges  of  device  implementation.  Finally,  we  synthesizes  these  concepts,
proposing  that  engineering  charged  interfaces  and  topological  boundaries
could offer additional functionalities in these materials beyond bulk switching,
and  offers  a  unified  conceptual  framework  for  what  we  term topological
ionics.

 MODERN THEORY OF POLARIZATION
This  section  outlines  the  formal  derivation  of  polarization  in  crystalline

insulators and its link to the Berry phase.11,13,15 Those already familiar with the
MTP  may  wish  to  skip  the  detailed  derivations  in  this  section  and  proceed
directly to the later sections.

 Formal polarization
P

d V P = d/V= V−1
w

rρ(r)dr r
ρ(r)

N Ω

In finite systems, macroscopic polarization ( ) is intuitively defined as the
dipole  moment  ( )  per  unit  volume  ( ), ,  where 
denotes the position vector and  is the total  charge density.  For a crys-
talline  insulator  under  periodic  boundary  conditions,  consider  a  supercell
containing  primitive  cells,  each  of  volume .  The  polarization  is  formally
separated into ionic and electronic contributions:
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Zs

s rs

ψkn(r) k
n

Here,  the  ionic  term  treats  the  nuclei  as  classical  point  charges,  with  the
sum taken over the ions in a chosen primitive cell.  is the integer charge of
the -th  ion,  and  is  its  position  within  the  cell,  measured  relative  to  the
chosen  unit-cell  origin.  The  electronic  term  is  evaluated  over  the  occupied
Kohn–Sham  (KS)  orbitals ,  where  is  the  crystal  momentum  in  the
Brillouin zone and  labels the band.

Pion

eR/Ω R
N→ ∞ r

However,  this  conventional  definition  becomes  problematic  in  periodic
crystals. First, the choice of unit-cell boundary is arbitrary: shifting the bound-
ary changes the net ionic dipole by a lattice vector, making  ambiguous up
to integer multiples of , where  is a lattice vector (see Figure 1). More
fundamentally, in the thermodynamic limit ( ), the position operator  is
unbounded, so the electronic contribution cannot be defined in a mathemati-
cally meaningful way through a direct spatial integral. These difficulties moti-
vate the development of the MTP.

The  MTP  treats  polarization  not  as  a  static  quantity  determined  directly
from the bulk charge density, but as a dynamical quantity defined through the
time-integrated  adiabatic  current  generated  during  a  continuous  insulating
evolution of the system. This interpretation is closely aligned with experimen-
tal practice. In a typical ferroelectric measurement, the material is placed in a
capacitor  structure,  with  the  ferroelectric  film  sandwiched  between  two
metallic electrodes.  When  an  external  voltage  is  slowly  varied,  the  polariza-
tion inside the ferroelectric changes, which modifies the bound charge at the
film surfaces. To maintain electrostatic equilibrium, compensating screening
charge  is  redistributed  on  the  electrodes  through  the  external  circuit.  The
resulting current measured in the circuit therefore reflects the flow of screen-
ing charge induced by the change in polarization.  By integrating this current
over  time,  one  obtains  the  change  in  polarization  between  two  states.
Repeating  the  measurement  during  field  cycling  yields  the  characteristic
polarization–electric  field  hysteresis  loop.  Experimentally,  polarization  is  not
measured directly as an absolute bulk quantity, but inferred from the charge
transferred through the external circuit in response to polarization evolution.

H(λ) = T+VKS(λ) VKS(λ)
λ

λ
λ = 0 λ = 1

λ

Following this physical picture, consider a parameter-dependent KS Hamil-
tonian , where the KS potential  depends smoothly on
a dimensionless adiabatic parameter , which represents a slow structural or
external perturbation, such as an atomic displacement. As  evolves continu-
ously  from  to ,  and  provided  the  system  remains  insulating
throughout the process, the derivative of the polarization with respect to  is
well defined in the thermodynamic limit. The total change in polarization can
then  be  expressed  as  the  time-integrated  macroscopic  current  generated
during the adiabatic evolution:

ΔP =
w tj

ti
J(t)dt=

w tj

ti

dP
dt

dt=
w tj

ti

∂P
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dλ
dt

dt=
w 1

0

∂P
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dλ (2)

λ
Using the conventional definition in Eq. 1, we examine the derivative of the

electronic polarization with respect to :

∂Pelec
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ψkn(r) = eik·rukn(r)

Evaluating this  derivative  directly  is  problem-
atic  due  to  the  unbounded  position  operator .
One may use first-order perturbation theory and
commutator  identities  to  rewrite  the  ill-defined
position  matrix  elements  in  terms  of  the  well-
behaved momentum operator.  It  is  also  conve-
nient to replace the Bloch wavefunctions 
with  their  cell-periodic  parts  defined  via

.  After  some  algebra  (see  the
Supporting Information for details), one obtains

∂Pelec

∂λ
=− ie

(2π)3 ∑
n∈occ

w
BZ

∂
∂λ

⟨ukn|∇k |ukn⟩dk (4)

r
BZ λwhere  denotes integration over the Brillouin zone (BZ). Integrating over 

from 0 to 1 gives the total change in electronic polarization:

ΔPelec =− ie
(2π)3 ∑

n∈occ

w
BZ
⟨ukn|∇k |ukn⟩dk

∣∣∣∣∣
1

0

= Pelec(λ = 1)−Pelec(λ = 0) (5)

λFrom  this  relation,  the  formal  electronic  polarization  at  a  given  state  is
naturally defined as:

Pelec(λ) =− e
(2π)3 ∑

n∈occ

w
BZ
i⟨ukn|∇k |ukn⟩dk (6)

i⟨ukn|∇k |ukn⟩
An(k) n

Pelec(λ)
ukn

H(λ)

The  integrand  is  known  as  the  Berry  connection,  denoted
,  associated  with  the -th  occupied  Bloch  band.  This  formulation

makes explicit  that  is  the Berry  phase accumulated by the cell-peri-
odic Bloch states  over the closed manifold of the Brillouin zone. Therefore,
the  total  formal  polarization  for  an  insulating  crystal  with  Hamiltonian 
becomes:

P(λ) = Pion(λ)+Pelec(λ) =
e
Ω

ions

∑
s

Zsrs(λ)−
e

(2π)3 ∑
n∈occ

w
BZ

An(k)dk (7)

k

Because the Berry connection is gauge dependent, a direct integration over
the BZ is numerically delicate. In practical implementations, the three-dimen-
sional  BZ  integral  is  reformulated  as  a  sum  of  one-dimensional  integrals
taken along strings of -points parallel to the reciprocal lattice vectors.16

 Adiabatic cyclic loop

H(λ = 0) = H(λ = 1)

We now show that both the ionic polarization and the electronic polariza-
tion defined in Eq. (7) are lattice-valued quantities: they are intrinsically multi-
valued modulo a polarization quantum. This fundamental property manifests
when analyzing a special class of adiabatic processes in which the Hamilto-
nian returns to itself: , forming a closed loop in parame-
ter  space.  Naively,  one  might  expect  that  a  closed  adiabatic  cycle  would
result in zero net change in polarization, under the assumption that polariza-
tion  is  a  single-valued  observable.  However,  this  is  generally  not  the  case:
both  the  electronic  and  ionic  contributions  to  polarization  can  change  by
discrete amounts proportional to real-space lattice vectors.

∣∣u(λ=1)
kn

⟩
= eiβn(k)

∣∣u(λ=0)
kn

⟩
bj

βn(k+bj)−βn(k) = 2πωn,j ωn,j

bj

A (λ=1)
n (k) = A (λ=0)

n (k)−∇kβn(k)

Although the Hamiltonian returns to itself at the end of an adiabatic cycle,
the  occupied cell-periodic  Bloch states  (assuming no degeneracy)  need not
return  to  themselves.  They  may  differ  by  a  band-dependent  phase:

.  Because  the  Bloch  states  must  remain  single-valued
under  translations  by  a  reciprocal  lattice  vector ,  the  phase  must  satisfy

, with  the integer-valued winding number along
.  Under  this  gauge  transformation,  the  Berry  connection  changes  as

.  Following  Eq.  5,  the  change  in  electronic
polarization over the cycle is:
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Figure 1.  Multivalued formal polarization in a two-
dimensional  crystal  of  classical  point  charges (A)
Unit  cell  A:  the unit  cell  is  chosen so that  the anion
(green)  is  paired  with  the  cation  (orange)  to  its
northeast.  (B)  Unit  cell  B:  shifting  the  unit-cell
boundary  pairs  the  anion  with  the  cation  to  its
southwest.  The  resulting  formal  polarization
changes by , where  is the unit-cell area.
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ΔPelec =
e

(2π)3 ∑
n∈occ

w
BZ

∇kβn(k)dk =
e

(2π)3 ∑
n∈occ

z
∂BZ
βn(k)dS =

e
Ω ∑

n∈occ

Rn, (8)

Rn = ∑3
j=1ωn,jaj aj j= 1,2,3where  is a lattice vector, with  ( ) denoting the primi-

tive lattice vectors. The divergence theorem is used to convert the BZ integral
as  surface  integral  over  BZ  boundary  (see  detailed  derivation  in  Supporting
Information).  Thus,  the  change  in  electronic  polarization  over  an  adiabatic
cycle is rigorously quantized:

ΔPelec =
e
Ω

R, R ∈ Bravais lattice. (9)

ΔPelec Pelec

eR/Ω
Because  is multivalued, it follows immediately that  itself is also

multivalued, defined modulo .
rs(λ)

λ = 1
λ = 0

Rs

For  the  ionic  contribution,  the  ions  follow  continuous  trajectories 
during  the  same  adiabatic  cycle.  Although  the  crystal  structure  at  is
identical to that at , individual ions need not return to their original posi-
tions; they may instead end at symmetry-equivalent sites displaced by lattice
vectors . The resulting change in ionic polarization is therefore

ΔPion =
w 1

0

dPion

dλ
dλ =

e
Ω

ions

∑
s

Zs[rs(1)− rs(0)] =
e
Ω

ions

∑
s

ZsRs (10)

Zs Rs ∑ions
s ZsRs

R′

Since each  is an integer and each  is a Bravais lattice vector, 
is also a Bravais lattice vector, denoted . Hence,

ΔPion =
e
Ω

R′, R′ ∈ Bravais lattice. (11)

P
Q

Therefore, a central result of the MTP is that the formal total polarization 
of a crystal is multivalued modulo :

P ∈
{

P0+
3

∑
i=1

niQi

∣∣∣∣ Qi =
e
Ω

ai, ni ∈ Z
}
. (12)

P0

Qi

ai

Here,  is the  principal  value  that  depends  on  the  specific  atomic  posi-
tions  and  species  in  the  unit  cell,  and  represent  the  smallest  possible
change in polarization (the polarization quantum) along each lattice direction,
corresponding to  the  transport  of  a  single  elementary  charge  by  one  primi-
tive lattice vector .

 Classical point charge model

Zie
Zi =+1 Zi =−1 a1 a2

P S

P =
e
S∑i

Ziri

ri i

Zi

The  multivalued  nature  of  polarization  is  not  exclusively  a  quantum
phenomenon.  In fact,  this  ambiguity can also be understood within a purely
classical framework using a model of point charges. Consider a two-dimen-
sional (2D) crystal composed of classical point particles with integer charges

. For simplicity, we analyze a square lattice containing alternating cations
( )  and  anions  ( )  with  lattice  vectors  and .  The  formal
polarization  in  2D  is  defined  as  the  dipole  moment  per  unit  cell  area ,

,  where  the  sum  runs  over  all  point  charges  within  a  chosen
primitive cell, and  denotes the position of the -th charge measured relative
to  the  chosen unit-cell  origin.  This  expression  is  structurally  identical  to  the
ionic  polarization  defined  earlier;  the  only  difference  is  that  the  charges 
may now be either positive or negative.

P

r
dA = er

r−R
dB = e(r−R)

PB−PA =−eR/S R = a1+a2

Q

To evaluate , one must define a specific unit cell (a basis). However, in a
periodic  system,  this  choice is  not  unique.  As illustrated in Figure 1,  we can
construct equally valid unit  cells that describe the same 2D crystal  but yield
different polarization values. In one choice of unit cell (Choice A), the anion at
the origin is paired with a cation at relative position , giving a dipole moment

.  In an alternative choice (Choice B),  the unit-cell  boundary is  shifted
so that the anion is paired with a cation at position . The dipole moment
then  becomes .  The  resulting  difference  in  polarization  is

.  Since  is  a  lattice  vector,  the  difference  is
exactly  the  polarization  quantum  in  2D.  This  example  shows  that  even  in  a
classical  point-charge  model,  the  formal  polarization  is  multivalued  modulo

.

ΔP = 0
a1

t0

We  can  also  understand  the  cyclic  adiabatic  process  using  this  classical
model.  Two types of cycles can be distinguished based on whether there is
net  charge transport.  In  a trivial cycle (Figure 2A),  the cations move along a
closed loop in  real  space and return  to  their  exact  original  positions.  As  the
net displacement of charge is zero, the trivial cycle has . In a nontriv-
ial cycle (Figure 2B), the cations are translated by one lattice vector  (over a
time ).  Although the crystal  structure is  restored at  the end of  the cycle,  a
net  charge has been transported across the  system.  The corresponding 2D

j =
e

t0|a2|
â1 =

ea1

St0
ΔP = ea1/S= Q1

current  density,  defined  as  the  current  per  unit  transverse  length,  is

. Integrating over time yields . This already
shows that,  if  such a nontrivial  cycle  can be realized,  it  can produce a finite
polarization change between two otherwise identical  crystal  structures.  This
insight has important implications for understanding FQFEs.

 Periodic boundary conditions
At  first  sight,  cyclic  adiabatic  loops  in  which  ions  are  displaced  by  lattice

vectors  may  seem  artificial.  After  all,  in  a  finite  sample  an  ion  shifted  by  a
lattice vector will leave the crystal rather than return to an equivalent position
as  assuming  periodic  boundary  conditions  (PBCs).  This  raises  a  natural
question: why does the MTP formulate polarization using PBCs?

Prior  to  the  MTP,  defining  polarization  via  the  dipole  moment  per  unit
volume  led  to  ambiguities  in  periodic  systems  as  explained  above,  casting
doubts about whether it was a well-defined bulk observable. By a bulk prop-
erty, we mean a quantity defined in the thermodynamic limit and determined
entirely  by  the  translationally  invariant  interior  of  the  crystal,  independent  of
the microscopic details of its boundaries or surface termination. In this sense,
the  formal  polarization  in  the  MTP  is  not  defined  by  examining  a  particular
finite  sample  with  edges,  but  by  characterizing  the  infinite  periodic  solid
described  by  Bloch  states.  PBCs  are  therefore  not  merely  a  mathematical
convenience;  they  isolate  the  intrinsic  bulk  response  of  the  crystal  from
extrinsic surface contributions.

P = d/V= V−1
r

rρ(r)dr
r

σsurf

P n̂ σsurf = P · n̂
Q i

e
Ω

a · n̂ =
e
S S

When PBCs are lifted, as in any finite system, the total polarization recov-
ers  the  single-valued  definition  of ,  which  includes
both bulk and surface contributions because  is bounded.17 We emphasize
that the  multivaluedness  of  the  formal  polarization  remains  physically  rele-
vant even without PBCs, as expressed by the surface-charge theorem.18 This
discussion assumes a gapped (insulating) surface termination, for which the
surface charge density  is well defined as the projection of the bulk polar-
ization  onto  the  surface  normal  unit  vector ,  such  that .  The
projection of a polarization quantum  (where we omit the direction index 
for  simplicity)  satisfies ,  where  is  the  surface  unit-cell  area.
Without  specifying  the  surface  termination,  the  surface  charge  density  is
restricted to a discrete set fixed by the bulk polarization:

σsurf ∈
{

P0 · n̂+m
e
S

∣∣∣m ∈ Z
}
. (13)

iOnce  a  particular  termination  is  specified,  the  physical  surface  charge
density becomes single-valued:

σ(i)
surf = P0 · n̂+mi

e
S
, (14)

miwhere  depends on the atomic and electronic structure of that surface. The
surface  charge  theorem  therefore  shows  that  boundary  observables  are
constrained by the bulk polarization topology of the insulating crystal.

For  a  concrete  illustration  of  the  bulk–boundary  correspondence,  see
Kudin,  Car,  and  Resta.19 Studying  quasi-one-dimensional  push–pull poly-
mers, such as functionalized trans-polyacetylene chains, they linked the bulk
formal  polarization  from  Berry-phase  theory  to  the  dipole  moment  of  finite
oligomers with broken translational symmetry at the ends. Their key result is
that  the  bulk  fixes  a  quantized  set  of  allowed  surface  charges,  while  the
actual surface charge, and thus the dipole moment, depends on the surface
termination.  This  provides  a  clear  first-principles  demonstration  of  the
surface charge theorem and the bulk–boundary correspondence.

 Symmetry of formal polarization
Since  formal  polarization  is  a  multivalued  quantity,  the  symmetry

constraints  that  apply  to  it  differ  fundamentally  from  those  applied  to
conventional  vector  quantities.  For  standard  vectors,  symmetry  arguments
dictate  that  in  a  centrosymmetric  crystal,  the  vector  must  vanish.  However,
formal polarization is not a single vector but rather a lattice of values, defined
modulo the  polarization  quantum.  In  this  context,  the  requirement  of  inver-
sion symmetry is satisfied not when the polarization itself vanishes, but when
the  entire  lattice  of  allowed  polarization  values  maps  onto  itself  under  the
symmetry  operation.  In  a  centrosymmetric  crystal,  there  are  two  distinct
ways this condition can be satisfied. In the first case, the polarization lattice is
centered at the origin,  such that inversion symmetry maps each value to its
negative,  and  the  lattice  remains  invariant.  For  example,  in  a  simple  1D
system  where  the  polarization  quantum  is  1,  the  allowed  values  could  be
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,  and  inversion  symmetry  maps  each  point  to
another  within  the  same  set.  In  the  second  case,  the  lattice  straddles  the

origin,  for  instance, .  Here,  inversion  symmetry  still
maps the set onto itself,  even though none of the individual values are zero.
Figure 2 illustrates these two scenarios in a 2D setting. A real material exam-
ple of the second case is centrosymmetric KNbO ,20 for which first-principles
calculations using the Berry-phase approach yield a formal polarization of 51

C/cm , exactly half of the polarization quantum of  C/cm . This non-
zero  value  does  not  violate  Neumann’s  Principle,  as  it  only  corresponds  to
one element of a polarization lattice.

R p

This  concept  extends  beyond inversion  to  arbitrary  symmetry  operations.
As formalized by the generalized Neumann's  principle,21 a symmetry  opera-
tion does not need to keep a given value of the formal polarization exactly the
same; it  only needs to change it  by a polarization quantum, so that the new
value remains on the same polarization lattice. Specifically, under a crystallo-
graphic symmetry operation , a branch of the polarization  must satisfy

Rp−p = (R−I )p = Q, (15)

I Qwhere  is  the identity  operation and  is a polarization quantum. Equiva-
lently, the polarization lattice as a whole is invariant under the symmetry.

 Effective polarization
Peff

P E

(λ = 0) (λ = 1)

Resta  and  Vanderbilt  introduced  the effective  polarization ,  which  is
consistent with experimental –  hysteresis measurements.11,13 It is defined
as the change in polarization along an adiabatic path from a reference struc-
ture  to the ferroelectric state :

Peff = ΔP = P(λ = 1)−P(λ = 0). (16)

Peff

The  reference  structure  is  usually  the  high-symmetry  centrosymmetric
phase.  It  is  assumed to  be adiabatically  connected to  the ferroelectric  state
by a  collective  ionic  displacement,  often  associated with  a  soft  mode,  while
the system remains insulating throughout the path. In practice, the polariza-
tion  is  usually  computed  for  a  sequence  of  intermediate  structures,  often
within density functional theory, so that its evolution can be tracked continu-
ously  on  the  same  branch.  The  resulting  can  therefore  be  compared
directly with the measured polarization.

Peff

3 3

P E

The  theoretical  determination  of  involves  subtleties  beyond  simple
symmetry  arguments,  especially  in  the  choice  of  the  high-symmetry refer-
ence  phase.  In  practice,  this  reference  is  often  selected  based  on  physical
intuition,  typically  as  the  nearest  high-symmetry  structure  related  to  the
ferroelectric  ground  state  through  a  group–subgroup  relation.  This  choice
works well for many conventional ferroelectrics such as PbTiO  and BaTiO .
Yet this criterion is not sufficient in general. For meaningful comparison with
polarization  values  measured  from –  hysteresis  loops,  the  reference
structure  must  not  only  be  symmetry  allowed,  but  also  correspond  to  the
actual intermediate configuration accessed during field-driven switching.

A  notable  example  is  provided  by  the  wurtzite  III-nitrides  (GaN,  AlN,  and
InN; Figure 4A), for which the zinc-blende (ZB) structure (Figure 4C) has often

F4̄3m
[111]

Peff

been  used  as  a  high-symmetry  reference
because  of  its  structural  similarity.22–24 This
choice, however, introduces an important error.
Although  the  ZB  structure  belongs  to  the
nonpolar  space  group ,  it  carries  a
nonzero  formal  polarization  along ,  as
allowed by  the  multivalued  nature  of  polariza-
tion.  As  shown  by  Dreyer et  al.,  using  the  ZB
structure as the reference therefore introduces
a  material-dependent  correction  to  in

P63/mmc
wurtzite  systems.25 A  more  appropriate  reference  is  the  layered  hexagonal
structure (space group ; Figure 4B), which is centrosymmetric and
has vanishing formal polarization by construction.

Peff = 1.35 2

−0.090 2

Moreover,  the  hexagonal  phase  can  be  connected  to  wurtzite  through  a
path that is plausibly driven by an electric field during switching. As shown in
Figures  4A-B,  a  downward  electric  field  can  drive  the  positively  charged  Al
cations toward the N planes,  thereby reversing the polarization.  By contrast,
the same field is unlikely to drive the wurtzite phase toward ZB phase (Figure
4C),  since that  transformation would require  the Al  cations to  move against
the  field  direction.  Using  the  hexagonal  phase  as  the  reference  gives

 C/m  for wurtzite AlN, consistent with measurements in Sc-doped
AlN.26 Using zinc blende instead yields a negligible value of  C/m .

Peff

h

P3m1
C3

C3

Peff

Another  important  requirement  for  defining 27,28 is  that  the  switching
path  itself  must  be  physically  accessible  under  an  electric  field.  In  practice,
switching barriers are often estimated using DFT-based nudged elastic band
(NEB)  calculations29,30 to  identify  a  minimum-energy  path.  However,  such
paths are usually constructed ad hoc and need not correspond to field-acti-
vated switching. The existence of a continuous geometric path between two
polar  states  does  not  guarantee  that  the  path  can  be  driven  by  an  electric
field. AB-stacked bilayer -BN illustrates this point clearly.31–33 The AB and BA
configurations  have  opposite  out-of-plane  polarizations,  yet  both  belong  to
the same polar space group  and preserve out-of-plane threefold rota-
tional  ( )  symmetry.  Several  DFT-based NEB studies have identified an in-
plane  sliding  path  between  them  with  a  relatively  low  energy  barrier.34

However,  finite-field  DFT  calculations  by  Ke et  al. showed  that  the  in-plane
forces induced by an out-of-plane electric field vanish exactly in both AB and
BA  single-domain  configurations.35 This  follows  from  the  exact  cancellation
of the off-diagonal components of the Born effective charge tensor required
by  symmetry.  Consequently,  the  interlayer  sliding  motion  needed  to
reverse the polarization is symmetry-forbidden in a single-domain state and
cannot be activated by an electric field. This example shows that defining 
requires  not  only  a  continuous path  between two polar  states,  but  also  one
that is physically accessible under an applied electric field.

 FRACTIONAL QUANTUM FERROELECTRICITY
 Fractionally quantized polarization and oxidation states

3

2

2

The  concept  of  FQFEs  was  recently  introduced  to  describe  materials  in
which polarization changes arise from large atomic displacements compara-
ble  to  a  lattice  vector,  in  contrast  to  the  small  displacements  typical  of
conventional ferroelectrics such as PbTiO .36,37 High-throughput DFT studies
have  identified  more  than  200  candidate  materials,  including  bulk  AlAgS 38

and  monolayer  HgI .39,40 A  defining,  and  initially  counterintuitive,  feature  of
FQFEs is that materials in nonpolar space groups can still exhibit polarization
changes along an adiabatic path connecting symmetry-equivalent structures.

TdThe  appearance  of  polarization  in  nonpolar  point  groups,  such  as  the 
symmetry  of  zinc-blende  AgBr,41,42 could be  interpreted  as  a  possible  viola-
tion  of  Neumann's  principle  under  the  conventional  single-valued  vector
description  of  polarization.  As  discussed  in  the  previous  section,  the  MTP
shows  that  polarization  is  a  lattice-valued  quantity.  For  a  crystal  with  a
nonpolar  point  group,  all  branches  of  the  polarization  lattice  may  still  be

Phys cs
 

R ΔP
eR/S

Figure 2.  Two  distinct  cyclic  evolutions  in  a  two-
dimensional  crystal  of  classical  point  charges (A)
Trivial  cycle:  the  cations  perform  closed  loops
around  their  equilibrium  positions,  yielding  zero  net
current.  (B) Pumping cycle:  the cations migrate into
neighboring  unit  cells.  Although  the  bulk  crystal
appears  identical  at  the  beginning  and  end  of  the
cycle,  a  net  charge  is  transported  by  one  lattice
vector ,  resulting  in  a  polarization  change  of

.
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nonzero (as in KNbO3). Consequently, an adiabatic path connecting symme-
try-equivalent  structures,  much  like  a  cyclic  adiabatic  loop,  can  produce  a
nonzero  polarization  change.  Therefore,  the  concept  of  FQFE  is  naturally
consistent with the generalized Neumann principle.

a

The  large  polarization  changes  in  FQFEs  can  be  understood  through  the
topological  definition of  oxidation state  within  the MTP.  Jiang et  al. showed
that the oxidation state of an ion in an insulator can be defined as a topologi-
cal  invariant.43 Translating  a  sublattice  by  a  full  primitive  lattice  vector 
returns the Hamiltonian to itself (Figure 1B). The associated change in polar-
ization is therefore strictly quantized:

ΔP = N
ea
Ω

= NQ, (17)

Nwhere  is the oxidation state, or effective charge, of the ion. It is given by the
integer  difference  between  the  nuclear  charge  and  the  number  of  Wannier
centers transported with the nucleus during the lattice translation.

u = a/m m> 1 m

FQFEs  provide  a  direct  physical  realization  of  this  topology.  In  these
systems,  switching  involves  displacing  a  sublattice  by  only  a  fraction  of  a
lattice  vector, ,  where  is  an  integer.  After  such  fractional
displacements,  one  reconstructs  the  usual  closed  path  corresponding  to  a
full  lattice  translation.  The  polarization  change  for  a  single  FQFE  switching
event is then

ΔPFQFE =
ΔP
m

=
N
m

Q. (18)

N/m
+1

(m= 2) ΔPFQFE = Q/2
N/m N=+2 m= 2

N
ΔPFQFE m Q

Following the classification of  Yu et  al.,9 systems with fractional  are
termed Type-I FQFEs. For example, displacing an ion with oxidation state 
by half of a primitive lattice vector  gives  (Figure 5A). By
contrast,  if  is  an  integer,  such  as  and ,  the  system  is
classified as a  Type-II  FQFE (Figure  5B).  This  relation also provides a  direct
way  to  extract  the  oxidation  state  from  fractional  switching  data  when

, , and  are known.
α 2 3

C3v

α 2 3 L1 L2

Q/3 −Q/3
ΔPFQFE =−2Q/3

u = R/3 m= 3
N=−2

Monolayer -In Se  is  often  cited  as  a  prototypical  system  for  exploring
the possible emergence of FQFE. Despite its  point group symmetry, which
under  conventional  symmetry  analysis  strictly  forbids  the  existence  of  an
intrinsic  in-plane  polarization  vector,  several  experiments  have  reported
evidence of in-plane switchable polarization.44–50 Figure 5C shows the evolu-
tion  of  the  in-plane  polarization  along  a  continuous  path  connecting  two
symmetry-equivalent -In Se  structures  (  and ),  as  calculated  using
DFT-based Berry phase approach. The formal polarization exhibits a change
from  to ,  which  results  in  a  net  polarization  change  of

.  Since  the  switching  event  corresponds  to  a  fractional
displacement  of  (i.e., ),  this  implies  an  oxidation  state  of

 for the Se ion, consistent with its nominal charge.

 Is α-In2Se3 really a FQFE?

α 2 3

From  the  analysis  above,  it  becomes  clear  that  a  change  in  polarization
within  a  crystal  belonging  to  a  nonpolar  space  group  does  not  violate  any
fundamental  symmetry  constraints  when  viewed  through  the  lens  of  the
MTP.  In  this  context,  experimental  reports  of  in-plane polarization in  mono-
layer -In Se  have been interpreted as possible evidence for FQFE, because
its out-of-plane threefold rotational symmetry should forbid any nonzero in-

α 2 3

plane  vector  property.  However,  we  urge
caution  in  definitively  classifying -In Se  as
an FQFE candidate, for the following reasons.

α 2 3

First,  nearly  all  claims  of  in-plane polariza-
tion  in -In Se  are based  on  lateral  piezore-
sponse force  microscopy  (PFM)  measure-
ments performed in Dual AC Resonance Track-

k≈ 2.8 k≈ 0.2

180◦

ing (DART) mode.47,49,51–53 However, it is well known that out-of-plane and in-
plane PFM  signals  can  be  strongly  mixed,  which  can  lead  to  misinterpreta-
tion.  In  a  recent  study,  two  probes  with  different  force  constants  were
compared:  a  stiff  probe  (  N/m, Figure  6A)  and  a  soft  probe  (
N/m, Figure 6B). Both probes showed strong out-of-plane piezoresponse and
a  clear  phase  contrast  between  upward  and  downward  domains.  In
contrast,  the  in-plane  phase  signal  measured  with  the  soft  probe  was  only
marginal,  suggesting  that  the  apparent  in-plane  contrast  observed  with  the
stiff probe arose from crosstalk from the out-of-plane response.

α 2 3

Second,  angle-resolved  lateral  PFM,  in  which  the  sample  is  rotated  with
respect to the cantilever, also argues against intrinsic in-plane piezoresponse.
In  particular, -In Se  samples  with  prewritten  box-in-box  domain  patterns
show no azimuthal dependence in either the lateral PFM amplitude or phase
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Figure 3.  Schematic illustration  of  the  two  polar-
ization lattices  compatible  with  inversion  symme-
try  in  a  centrosymmetric  crystal (A)  Case  A:  the
polarization  lattice  contains  the  origin  ( ),  which
is invariant under inversion. (B) Case B: the polariza-
tion  lattice  is  shifted  relative  to  the  origin,  with
branches  at  half-integer multiples  of  the  polariza-
tion quantum ( ).  Under  inversion,  maps to ,
which  differs  from  by  exactly  one  polarization
quantum  ( )  and  represents  the  same  physical
state.

 
 

 

P63mc P63/mmc

F4̄3m

Figure 4.  Comparison of  candidate  reference  structures  for  defining  the  sponta-
neous  polarization  of  wurtzite  AlN (A)  Polar  wurtzite  structure  with  space  group

.  (B)  Centrosymmetric  layered  hexagonal  structure  with  space  group .
This  is  the  appropriate  reference  structure  because  its  formal  polarization  lattice
includes zero, similar to case A in Figure 3 (C) Zinc-blende structure with space group

.  This  structure  is  not  an  appropriate  reference  for  a  direct  calculation  without
additional corrections because it carries a nonzero formal polarization. Moreover, it is
unlikely that applying a downward electric field to structure (A) with upward polariza-
tion would drive the system into this nonpolar reference, since that would require the
Al cations to move opposite to the field direction.
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2

(Figure  6C),  which  is  in  stark  contrast  to  the  expected  periodic  modulation
observed  in  reference  materials  like  NbOI  (Figure  6D).54 Nevertheless,
because any experimental measurement, including PFM, is subject to uncer-
tainty,  additional  independent  studies  are  needed  to  determine  whether  the
presence  or  absence  of  in-plane  ferroelectricity  depends  on  sample  quality,
measurement conditions, or other factors.

α 2 3Third, -In Se  is known to be leaky and can host a competing ferroelec-
tric  phase  with  in-plane polarization.  As  a  result,  even  measured  polariza-
tion–electric  field  hysteresis  loops  may  be  affected  by  ionic  conduction,
defect  migration,  or  field-induced phase  transitions.  These  effects  compli-
cate any direct identification of intrinsic bulk ferroelectricity.

α 2 3

Further  insight  was  provided  by  Bai et  al.,  who  carried  out  large-scale
molecular  dynamics  simulations  using  deep-learning-based  interatomic
potentials.54 They found that single-domain monolayer -In Se  is difficult to
switch,  even under very strong electric fields,  because the nucleation barrier
is  prohibitively  high.  Although  NEB  calculations  suggest  a  low  minimum-
energy switching path, the dominant energy cost comes from the interfacial
energy of the nucleated domain, not from the local reversal itself.

C3v

α 2 3

To  explain  the  apparent  switching  reported  experimentally,  Bai et  al.
proposed a domain-wall-mediated mechanism.54 Although the single-domain
bulk preserves  symmetry and therefore lacks in-plane ferroelectricity, one-
dimensional domain walls can locally break this symmetry (Figure 6E). These
walls carry localized polarization charge due to formal  polarization disconti-
nuities,  allowing  in-plane  electric  fields  to  move  them  through  creep  and
avalanche dynamics (Figure 6F). At the atomic scale, this motion is driven by
a unique "stone-skipping-like" mechanism rather than the conventional line-
by-line progression.  The  observed  switching  behavior  may  therefore  origi-
nate  from  domain-wall  motion  rather  than  conventional  bulk  ferroelectric
switching.  We note that  the controversy surrounding -In Se  does not  call
into  question  the  general  validity  of  the  FQFE  concept.  Rather,  the  present

uncertainty concerns the experimental identification of in-plane ferroelectric-
ity in this material, including the possible roles of competing phases, sample
quality,  and  the  need  to  distinguish  true  bulk  switching  from  domain-wall
motion or  other  extrinsic  symmetry-breaking effects.  With careful  control  of
sample quality and boundary conditions, it remains possible that an in-plane
electric field could induce polarization reversal associated with FQFE.

 IONIC CONDUCTOR FERROELECTRICITY
 Giant quantized polarization change

C2h

0.5 2

2

4 4 4

2

2 5· 2

μ 2

Moving beyond FQFEs, which involve ion displacements that are fractional
multiples  of  the  primitive  lattice  vectors  within  a  unit  cell,  the  concept  of
ICFEs  further  expands  the  boundaries  of  conventional
ferroelectricity.10,12,13,55–59 First proposed through DFT studies, ICFEs exhibit ion
displacements  that  often  exceed  typical  covalent  bond  lengths,  frequently
involving  cross-unit-cell  migrations.  Similar  to  FQFEs,  ICFEs  also  allow  the
emergence of polarization in materials with nonpolar point groups (e.g.,  in
Mg CrS ).  A  defining  characteristic  of  an  ICFE  is  the  ultra-long  ionic
displacement, which can extend over multiple lattice constants, especially in
the presence of  vacancies,  leading to quantized polarization change.  Repre-
sentative  examples  include  2D  layered  materials  such  as  CuCrS 56,58 and
InSe,60,61 as  well  as  superionic  conductors  like  Na SnS 58,62 and  KSnS .58,63

Experimental  studies  have  reported  phenomena  consistent  with  theoretical
predictions.  For  instance,  in  CuCrS ,  the  migration  of  intercalated  Cu  ions
across different symmetry-equivalent sites (States I, II, and III) results in giant,
stepwise  changes  in  in-plane  polarization  (Figure  7A),  showing  room-
temperature  ferroelectric-like  switching  coexisting  with  ionic  conductivity.
Similarly,  the  organic-inorganic  hybrid  (CETM) InCl H O exhibits  an  enor-
mous polarization of up to 31,654 C/cm ,55 attributed to field-driven proton
migration along specific pathways (Figure 7B).

Following  the  discussion  of  the  MTP  and  the  topological  definition  of
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Figure 5.  Fractional quantum ferroelectrics and the associated polarization change Schematics illustrating two classes of fractional quantum ferroelectrics (FQFEs). (A) Type-I
FQFE: atomic displacements by a fraction of a primitive lattice vector produce a fractional polarization change, , where  and  is the primitive lattice vector. (B)
Type-II FQFE: similar fractional displacements yield an integer multiple of the polarization quantum, , where  is an integer, typically due to higher ionic valence (e.g., )
or atomic multiplicity. (C) First-principles results for the evolution of the total in-plane polarization  in -In Se  (red triangles). The top panel shows top and side views of
the structures during the displacement of the middle-layer Se atom. When the Se atom is displaced by , the polarization changes by , implying an oxidation state of 
for Se. Panels (A-B) are reproduced with permission9. Copyright 2025 by the American Physical Society.
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oxidation  states,  the  large  polarization  changes  in  ICFE  materials  can  be
understood  as  arising  from  adiabatic  charge  pumping.  When  a  mobile  ion

migrates to a symmetry-equivalent site in a neighboring unit cell, the system
undergoes  an  adiabatic  cycle  and  the  polarization  changes  by  a  quantized
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EOP

Figure 6.  Ferroelectricity in monolayer  -In Se  (A,B) Out-of-plane (OP) and in-plane (IP) PFM amplitude and phase images acquired using a stiff probe ( ) and a soft
probe ( ),  respectively. The strong reduction of the apparent IP phase contrast with the soft probe indicates that the measured IP signal mainly arises from crosstalk
with the OP response. (C,D) Angle-resolved IP-PFM amplitude polar plots for -In Se  and a reference NbOI  sample. In contrast to NbOI , -In Se  shows no periodic azimuthal
modulation,  ruling out intrinsic in-plane piezoelectricity.  (E) Atomic schematics illustrating the formation of one-dimensional domain walls in -In Se , which locally break 
symmetry. (F) Temporal evolution of the one-dimensional domain-wall position, revealing abrupt and intermittent avalanche dynamics during field-driven motion under an out-of-
plane electric field ( ). Panels (A-F) are reproduced with permission. Copyright 2024 by the American Chemical Society.54
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ΔP = eND/Ω N
D D

D =ma
m ∈ Z

amount.  Specifically, ,  where  is  the  oxidation  state  of  the
migrating ion and  is its displacement vector. In DFT calculations,  is often
taken  to  be  an  integer  multiple  of  a  primitive  lattice  vector,  with

.  The  apparently “giant” polarization values  reported  for  ICFEs  there-
fore reflect the geometric and topological consequence of transporting quan-
tized charge over discrete lattice distances.

 Challenges in practical implementation
While  the  theoretical  basis  of  ICFEs  is  well  justified,  its  practical  use  in

devices  raises  important  challenges,  especially  regarding  switching
reversibility  and  interface  stability.  In  idealized  DFT-based  NEB  calculations,
ion migration is treated as a coherent collective process in which mobile ions
move to symmetry-equivalent sites in neighboring unit cells. Under PBCs, this
motion occurs without net ion accumulation or depletion.

KSnS4

The realization of a stable macroscopic polarization in these layered ionic
conductors,  such  as  (Figure  7C), depends  heavily  on  the  thermody-
namic  behavior  of  intrinsic  point  defects.  Specifically,  mobile  ion  vacancies
within  the  conduction  channel  can  either  distribute  evenly  due  to  Coulomb
repulsion  (the  nonpolar “D  state")  or  aggregate  at  one  side  (the  polar “A

state") (Figure 7D). For an ionic conductor to exhibit practical ferroelectric-like
properties, the polar A state must be the energetically favorable ground state;
otherwise, the induced polarization will not be stably retained.

In real  devices,  however,  the finite  size of  the material  changes the situa-
tion. Once an electric field is strong enough to drive ions across one unit cell,
there is in principle no intrinsic limit to how far they can continue to migrate. If
ions are blocked at an interface, they can accumulate near one electrode and
be depleted  near  the  other.  This  ionic  redistribution  alters  the  local  electro-
statics,  including  the  screening  charge  at  the  electrodes,  and  may  generate
an external current that resembles ferroelectric switching.64 At the same time,
ion  accumulation  or  vacancy  buildup  can  destabilize  the  interface  and
degrade the  device.  It  is  also  unclear  whether  ions trapped in  a  likely  disor-
dered interfacial region can be driven back reversibly by reversing the field.

If ions are not blocked and can pass through the interface, the active layer
continuously  loses  ionic  species.  Such  irreversible  migration  would  rapidly
degrade the material and eventually cause device failure. Thus, although ICFE
materials can  produce  large  polarization  currents,  using  them  in  conven-
tional structures such as metal–ferroelectric–metal capacitors5,65–69 requires
careful control of ion reversibility and robust interface engineering to prevent
degradation and enable repeatable operation.70–72
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Figure 7.  Unconventional ferroelectricity induced by long-range ion migration (A) Schematic illustration of the in-plane polarization changes (  and ) associated with the
migration of intercalated Cu ions in CuCrS  among different switching states (I, II, and III). (B) Irreversible proton-migration pathway along the -axis driven by an applied electric
field  ( )  in  the  organic-inorganic  hybrid .  (C)  Crystal  structure  of  the  layered  ionic  conductor  KSnS ,  consisting  of  ion-conducting  layers  sandwiched  between
SnS  layers. (D) Schematic models of vacancy migration from one side of an ion-conducting channel to the other. The lower panels show two possible vacancy configurations:
aggregation on one side (A state) and a more uniform distribution stabilized by Coulomb repulsion (D state). (E) Polar-antipolar phase cycling in HfO  arising from successive
shift-inside (SI-2) and shift-across (SA) ferroelectric transitions under an applied electric field. (F) Schematic of an electrochemical ionic synapse device using  HfO  as the
electrolyte layer. The enlarged view highlights ultrafast oxygen-ion ( ) transport within the HfO  layer under an electric field. Panels (A,C-D) are reproduced with permission .58

Copyright 2022 by the American Chemical Society. Panel (B) is reproduced with permission.55 Copyright 2024 by the American Chemical Society. Panels (E-F) are reproduced
with permission. Copyright 2023 by the American Physical Society.86
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It  is  important  to  distinguish  ICFEs  from  broader  ion-transport-based
phenomena, such as electrochemical memories,73,74 memristive systems,75–77

and  ionotronic  devices.78–80 In  many  such  systems,  ionic  motion  modulates
resistance,  interfacial  electrostatics,  or  local  chemistry,  often  producing
current–voltage hysteresis. More generally, device behavior in ion-transport-
based systems is often governed by ionic redistribution and redox processes.
The corresponding ion motion is frequently thermally activated and driven by
gradients in chemical potential, even when an external bias is applied during
operation.

By contrast, in an ICFE the electric field is an essential part of the switching
mechanism: it  lowers the migration barrier  and drives directional  ion migra-
tion  between  symmetry-related  configurations,  thereby  producing  a  change
in  formal  polarization.  This  field-directed  ionic  motion  is  the  central  feature
that distinguishes an ICFE from generic ion migration. At the same time, this
distinction can be difficult  to  establish experimentally  in  finite  devices.  Ordi-
nary  ionic  accumulation  or  depletion  near  interfaces  can  also  generate
hysteretic  currents  and  apparently  ferroelectric-like  responses.  For  this
reason,  we suggest that a convincing demonstration of ICFE behavior could
employ  a  battery-like  geometry  in  which  the  active  material  is  placed
between electrodes that can serve as ionic source and drain. The ICFE mate-
rial  should remain electronically  insulating and exhibit  low ionic conductivity
in the zero-field limit. Under cyclic electric fields, a genuine ICFE should then
display  reproducible  polarization–electric  field  loops,  or  equivalently
reversible ionic switching current signals, arising from field-driven directional
ion transport.

 MAKE USAGE OF FORMAL POLARIZATION
We  emphasize  that  the  emerging  concepts  of  FQFEs  and  ICFEs  are  fully

consistent with the MTP. Both arise naturally from the Berry-phase theory of
formal  polarization  and  represent  unconventional  routes  to  obtain  effective
polarization.  The  key  distinction  between  these  two  concepts  is  that  FQFEs
are  based  primarily  on  ionic  displacements  by  fractional  primitive  lattice
vectors,  corresponding  to  fractional  polarization-branch  switching,  whereas
ICFEs often involve ionic transport across multiple unit cells, corresponding to
integer  polarization-branch  switching.  Returning  to  the  original  spirit  of
Valasek's  definition,  a  defining  feature  of  ferroelectricity  is  the  reproducible
measurement of a switching current under an applied electric field. For both
FQFE  and  ICFE  systems,  the  key  open  question  is  therefore  whether  such
field-driven switching is truly reversible under experimentally relevant condi-
tions.

One promising  application  of  the  giant  polarization  in  FQFEs  lies  in  inter-
face physics. As shown by Stengel and Vanderbilt for oxide heterostructures,
the macroscopic bound charge density at a coherent interface between two
insulators  is  determined  by  the  discontinuity  in  their  bulk  formal
polarizations:81

σbound = (P1−P2) · n̂, (19)

n̂where  is  the  interface  normal.  As  a  result,  interfaces  between  materials
with mismatched formal polarizations can naturally host emergent phenom-
ena,  such  as  two-dimensional electron  gases  or  pronounced  lattice  distor-
tions, which act to compensate the adiabatic discontinuity.82 Moreover, such
discontinuities  in  formal  polarization  may  also  be  generated  dynamically
through interlayer sliding in two-dimensional materials.83 From this perspec-
tive, besides bulk switching, another promising practical route toward exploit-
ing FQFEs may be the intentional engineering of interfaces and domain walls
that  host  formal-polarization  discontinuities.  These  discontinuities  generate
bound  charge  and,  if  directly  coupled  to  external  electric  fields,  may  be
manipulated in a controlled fashion.

2

2

Pca21 2

2

A  particularly  promising  application  of  ICFE  materials  is  neuromorphic
computing,  especially  in  electrochemical  ionic  synapses  (EIS).84,85 Recent
studies of ferroelectric HfO  have shown that a unidirectional electric bias can
drive  long-range  oxygen  migration  with  high  mobility  (Figure  7E).  This
enables HfO  to function as the electrolyte layer in EIS devices,  which oper-
ate analogously to nanoscale batteries for in-memory computing. In a typical
EIS structure,  a  ferroelectric  HfO  layer  connects an oxygen reservoir
to a channel layer whose conductivity depends on the local oxygen-vacancy
concentration. Under an applied bias, oxygen ions migrate through the ferro-
electric  electrolyte  and  modulate  the  vacancy  concentration  in  the  channel
(Figure  7F),  thereby  tuning  its  conductance  in  a  stepwise  fashion  and
enabling  analog  synaptic  weights.  In  this  sense,  ferroelectric  HfO  can  be
viewed as an ICFE. More broadly,  the high field-driven ionic mobility of  ICFE

materials makes them attractive for scalable, high-speed EIS devices.

 CONCLUSION
Since  the  modern  theory  of  polarization  was  established  in  the  1990s,  it

has been  remarkable  to  see  how the  concept  of  formal  polarization  contin-
ues to guide the discovery of  new material  classes.  Although ferroelectricity
has been studied for more than a century, the recent proposal of FQFEs and
ICFEs  shows  that  formal  polarization,  once  regarded  as  abstract,  or  even
“formally useless”, may in fact point toward new and tangible functionalities.
Future progress will require a deeper understanding of the dynamics of these
systems,  especially  the  role  of  interfaces  and  domain  walls.  A  major  open
question concerns  their  functional  response:  unlike  conventional  ferro-
electrics in polar space groups, which exhibit intrinsic piezoelectric and pyro-
electric effects tied to soft-mode distortions, it remains unclear whether FQFE
and ICFE materials display the same canonical responses or instead operate
through  fundamentally  different  electromechanical  mechanisms,  possibly
accessible only through interface engineering.

To better  distinguish these mechanisms,  we also  suggest  the  term topo-
logical  ionics.  This  term  refers  to  materials  in  which  polarization  changes
arise from ionic motion between topologically distinct branches of the formal
polarization lattice, in accordance with the generalized Neumann's principle. If
such  materials  can  be  controlled  reliably,  they  may  enable  a  new  class  of
nonvolatile memories that combine the robustness of ionic conductors with
the switchability of dipolar systems.
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